

















































































































































































































SIMULATION



Simulation of Hybrid Systems

£ (¢,%(t,p),x(t,p),p) = 0
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i Numerical Integration of
ODEs and DAEs

¢ Large, sparse, stiff ODEs and DAEs

» State-of-the-art dynamic simulation technology

¢ Variable step size methods that control
numerical integration error

¢ Predictor step - extrapolates past time
trajectory

¢ Corrector step - Newton iteration to converge
discretized differential equations

¢ Error control based on difference between
predictor and corrector steps

o Discontinuity locking - do not allow equation
switching while converging integration step



l'lir Event Location
Without Discontinuity Locking

Repeated step attempts
rejected
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Il Event Location
With Discontinuity Locking

X A |
\ Successftul step with
discontinuity-locked
model

Backtrack to locate
event time and restart
numerical integration




" State Events
Discontinuity Function

4 g(x(t,p)t) (discontinuity function)

0 #(i) t*(p) Hi+1)" :

7

State event




'l Getting State Event
Location Right...



i Jacobian®

http://numericatech.com

Q Jacobian IDE
Project File Edit Tools Window Help

%o

YD & =

_ @ x

Project Explorer

[E caver)AC

¢ Craver_Example - 12
9 Input 2 ¥ Jacobian Input File
? 3 #& Carver Example - Electrical Circuit Model
¢ Declare 4 # M. B. Carver, Efficient Integration over Discontinuities in Ordinary Differential
DECLARE 5 #& Egquation Simulations, Mathematics and Computers in Simulation, XX(1978), pp. 190-19¢
o External 6 &
¢ Model 7
Craver 8 DECLARE
¢~ Simulation 9 TYPE
RunCraver 10 State = 0.0:-1e7:1e7
o Estimation 11 END 1
o= Script 12 £
¢~ Output 13 MODEL Craver
o RunCraver 14 PARAMETER
15 pl, p2, p3, pd4, ps, p6, p7, p8, p9, pl0, pll, pl2, r3,13 AS REAL
16 Pi AS REAL DEFAULT 4*ATAN(1)
17 VARIABLE
18 ¥1, %2, %3, vl, v2, v3, 23, z4 AS State
1z} EQUATION
20 ¥14%2-%3=0 ;
21 F3% (1432041 3% ($rl+$12) -v3=0 ;
22 -100.0%cos (100.0*Pi*TIME)+v1=0 ; .
23 viltw2=0 ;
24 v1-v3-23=0 ;
25 w2-v3-24=0 ;
26 IF((x1>=0.0 OR v1>=v3) and (%2<=0.0 and v2<=v3)) THEN
27 (v1l-pl*x1)/p2-$x1=0;
28 $x2=0;
29 ELSE
30 IF{(x2>=0.0 or v2>=v3) and (x1<=0.0 and vl<=v3)) THEN
31 $x1=0;
32 (v2-p3*x2) /pd-$x2=0;
33 ELSE
34 PS*Y1+pE* v 2+pT ¥ x1+p8 ¥ x2-$x1=0;
5 PO*Y1+p10* Y 24+p11%xl+pl2¥x2-$x2=0;
36 END
37 END
38 END
38
40 SIMULATION RunCraver -
1:1  [Ins|
Messages

4|




i Jacobian®
http://numericatech.com

Jacobian IDE

Er:t:)jiq File Edit Tools Window Help
BEE

.._Qx

Project Explorer 1| &5 Plotting Environment - Simulation: 1
¢ Craver_Example =
9 Input Add Simulation: 4.25 -
@ craver. JAC -
RUNCRAVER
¢ Declare [ |v| 4.00
DECLARE ¢ Computations - 3.75
o External 9 RUNCRAVER M -
¢ Model U 3.50 + 1 | =
Craver X1 3.25
¢ Simulation o= X2
RunCraver - X3 3.00
o= Estimation V1l 2.75 1 T — g
o= Script o \2 S \ {
¢ Output V3 2.50 T W 4 7
¢ RunCraver -3 2.25 /
Computation Input 74 >
Execution Output 2.00 ]
1.75 &
1.50
1.25 :
1.00 i 2
0.75
050
0251/
0.00
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050
| X
-
9 Plot/Table Type =
Flot
Table ® RUNCRAVER.UX1 - Time
Array Flot ® RUNCRAVER.U.X2 - Time
Array Table = RUNCRAVER.UX3 - Time
-
Messages
[Translating /mit/vibhu/Project/resultsjac/Craver_Example/input/craver. JAC
[Translation successful.
Running computation RunCraver, Flease Wait
Computation RunCraver finished.
-




i Jacobian®
http://numericatech.com

_m Jacobian IDE -=2X
“ProjectExplorer | | N85 Ploting Environment - Simulation: 2 G oo X
¢ Craver_Example = "

¢ Input Add Simulation: 0.13 1
9 craver. JAC ’
it [RuNCRAVER [~] d1a
DECLARE U.P6 - 0.11 7
o= External U.P7 ™ 0.10 -
¢ Model U.P8 0.00 -
Craver u.r9
? - Simulation U.FP10 0.081 =
RunCraver UP11 0.07 + ~
o Estimation UP12 ] 0.06 | =
o Script 9-x2 0.05 1
¢ Output U.P1 \
¢ RunCraver U2 0.04 1 . \
Computation Input U.F3 0.03 1 1 \
Execution Output U.P4 0.02 1 \ %
U.PS 0.01 - \
U.ré =| | |
= 0.00
u.r7
U.P8 =00k \
u.ro -0.02 1 =
U.P10 0.03 - | ‘
UFr11 | \
-0.04 - 1
U.F12 o0 \
o X3 20,05 1 ! I I 1 \—= I
U.Pl - -0.06 { ! | o |
u.F2 0.07 - I | | I 1 | | | | |
u.P3 y
-0.08 -
u.r4 |
U.F5 0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050
U.F6 | X
u.r7 v
¢ Plot/Table Type =
Flot
Table ® RUNCRAVER.U.X1/RUNCRAVER.U.PS - Time
Array Plot ® RUNCRAVER.U.X2/RUNCRAVER.U.PS - Time
Array Tahle = # RUNCRAVER.U.X3/RUNCRAVER.U.PS - Time
-
Show || Clear
Messages
[Translating /mit/vibhu/Project/resultsjac/Craver_Example/input/craver. JAC
[Translation successful.
Running computation RunCraver. FPlease Wait
Computation RunCraver finished
-
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SENSITIVITY ANALYSIS

11



i Parametric Sensitivities of a
Dynamic System

¢ Given a dynamic system expressed in terms of a vector of
time-invariant parameters p:

x(z,p) =1, x(Z,p),p)

¢ Then, there exists a n, by n, matrix of partial derivatives
ax/ap determined by the related matrix differential equations:

d ox of of

Eg(t,p) = a—x(z X(t,p),p)—(t,p) + —(t x(Z,p),p)

¢ Extension to DAEs straightforward

12



i Dynamic Sensitivities

Gas Oil Cracking Example

¢ Gas oil cracking kinetics described by the differential

equations:

dx, d ox, ox,

o __ R R ALY e
= + p.)x

i (p1 p3) . dl‘apl 1 3 &)

s = px 4y Ty, 2

dt PiXy = PyX, dt apl P 1ap1 P, apl

¢ Examine sensitivity of solution to kinetic parameters: p,, p,,

P3-
¢ Magnitude and time scale of influence of parameter



I'lir Dynamic Sensitivities
Gas Oil Cracking Example

Values

1.00
0.95
0.90
0.85
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00

JACOBIAN Simulation

1.00

2.00

3.00

4.00

Time

Values x 10-3

250.00
200.00
150.00
100.00
50.00
0.00
-50.00
-100.00
-150.00
-200.00
-250.00
-300.00
-350.00
-400.00
-450.00
-500.00
-550.00
-600.00
-650.00
-700.00
-750.00
-800.00
-850.00

JACOBIAN Sensitivity Analysis

X1-wrt-GAS_OIL_P1 [

X2-wrt-GAS_OIL_PI |

X2-wrt-GAS_OIL_P3 []

Time

14



i Sensitivity at Parameter
Dependent Time

x(¢,p)

T(p)

15



i Sensitivity at Parameter
Dependent Time

Ix Sensitivity of ODE solution without parametric
—(t,p) dependence of time (deriv. of X(#,p) w.r.t. 2nd
Ip argument)

Total derivative of X(T(p),p) includes contribution from
parametric dependence of time:

Dx dx 0x

D—(T(p),p) = —( (p),p)—(p) + —(T(p),p)

—

Dx o0x

D—(T(p),p) f(z(p), X(T(p),p),p)—(p) + —(T(p),p)



i Sensitivity at Parameter
Dependent Time

0T

If 7= p then — =1 and:
dp
%(T( p).p)=f(1(p).x(t,p),p)+ a—X(’r(p),p)
p P

If 7(p) given by g(x(7(p),p),p) = 0 then solve:

d ox

og ax Jr ., 9X 9%g _
- (X(T(p),p),p)( 7 (z(p),p) o (p)+ o (T(p),p)]+ 3 (x(7(p),p),p) =0

0T

for a—(p) (1f solution exists and 1s unique: transversality condition).

17



Il Sensitivities at Events
Characteristic Jump

A
8_)6 /
op
-~ \ this distance proportional
to change in slope and %

R x(t,p)

X = f(z)(t,x,p)

AN

change of slope

| s
0 / t*(p) t

= fU(t,x, p)

18



Ulis
Sensitivities at Events

Transition function: x(o.,,(p),p) =x(T.(p),p).

Differentiate w.r.t. p:

—( +1(p)p) +1(p)+—( +1(p)p)——( (p)p)—(p)+—(f(p)p),

Jo, 0T,
or because o, (p)=7.(p)=——(p)=—"(p):
i i ap ap

a—"( 5. (p) p)—a—w (P)Lp) +

(m,) _elm) %
(£ (z,(p).x(z,().p).P) ~ £ (5., (D).X( ., (P).P).P)) o (P

19



Ulis
Sensitivities at Events

0T

a—l(p) from differentiation of transition condition as before
p

+ Can also differentiate more general transition
function

¢ Transversality condition implies unique
sensitivity of event time

¢ Result assumes given sequence of events that
does not change in a neighborhood of
parameter value

20



l'lii" Existence and Uniqueness
Theorems

¢ Existence and uniqueness for sensitivities of hybrid
systems embedded with:

> Nonlinear ODEs
» Linear time invariant DAEs
» Index 1 semi-explicit DAEs

¢ Sensitivities of hybrid systems exist almost everywhere

¢ Critical parameter values at which (for example)
sequence of events changes qualitatively

» Hypotheses of theorems do not hold

» Typically associated with discontinuity or nonsmoothness of the
objective function in optimization

[1]1 S. Galan, W. F. Feehery and P. |. Barton. Parametric sensitivity functions for hybrid
discrete/continuous systems. Applied Numerical Mathematics, 31(1): 17-48, 1999.

21



Hybrid Sensitivities: Example

\

4

(1)
d:fit =4 — ()

LY —(2®)3 4+ 5(zW)2 — 720 4 p <0
T = 5@ — M =

dz‘?

dz— =10 -2z

I —(2®)P +52®@)2 - 72 +p>0
T® = 50 50 = ¢

Discontinuity Function

Time

22



Hybrid Sensitivities: Example

JACOBIAN Sensitivity Analysis JACOBIAN Sensitivity Analysis
Values Values
I I X T T X
5.00 - — ‘dx/dp 5.00 — — dx/dp”

450 |- _
4.50 _

4.00 | _
4.00 |- _

3.50 |- _
3.00 |- — 3.50 | _

2.50 |- _
3.00 _

2.00 _
1.50 | 2.50 — ]
1.00 — — 2.00 —

0.50 _
1.50 |- _

0.00 |- t- ) _
] 1.00 |- _

050 | p _

'
o0 || / / — 0.50 - —
T

asob U / _
' 0.00 |- _

2.00 f _
250 |- i | 0.50 [ _

3.00 | | | | | | LT Time -1.00 L1 ' ' ' ' ' Time

0.00 2.00 4.00 6.00 8.00 10.00 0.00 2.00 4.00 6.00 8.00 10.00
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