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SIMULATION
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Simulation of Hybrid Systems
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Numerical Integration of
ODEs and DAEs

! Large, sparse, stiff ODEs and DAEs
! State-of-the-art dynamic simulation technology

! Variable step size methods that control
numerical integration error

! Predictor step - extrapolates past time
trajectory

! Corrector step - Newton iteration to converge
discretized differential equations

! Error control based on difference between
predictor and corrector steps

! Discontinuity locking - do not allow equation
switching while converging integration step
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Event Location
Without Discontinuity Locking

x

tt*

Error estimate

Extrapolation of
solution trajectory

Actual solution

Repeated step attempts
rejected



5

Event Location
With Discontinuity Locking

x

tt*

Successful step with
discontinuity-locked
model

Backtrack to locate
event time and restart
numerical integration
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State Events
Discontinuity Function

0
tt*(p)

g(x(t,p),t)   (discontinuity function)

State event

t(i) t(i+1)
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Getting State Event
Location Right...
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Jacobian®

http://numericatech.com
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Jacobian®

http://numericatech.com
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Jacobian®

http://numericatech.com
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SENSITIVITY ANALYSIS
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Parametric Sensitivities of a
Dynamic System

! Given a dynamic system expressed in terms of a vector of
time-invariant parameters p:

! Then, there exists a nx by np matrix of partial derivatives
!x/!p determined by the related matrix differential equations:

! Extension to DAEs straightforward

    !x(t,p) = f (t,x(t,p),p)

   

d

dt
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Dynamic Sensitivities
Gas Oil Cracking Example

! Gas oil cracking kinetics described by the differential
equations:

! Examine sensitivity of solution to kinetic parameters: p1, p2,
p3.

! Magnitude and time scale of influence of parameter
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Dynamic Sensitivities
Gas Oil Cracking Example

JACOBIAN Simulation

X1 []

X2 []

Values

Time

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

0.00 1.00 2.00 3.00 4.00

JACOBIAN Sensitivity Analysis

X1-wrt-GAS_OIL_P1 []

X2-wrt-GAS_OIL_P1 []

X1-wrt-GAS_OIL_P2 []

X2-wrt-GAS_OIL_P2 []

X1-wrt-GAS_OIL_P3 []

X2-wrt-GAS_OIL_P3 []

Values x 10-3

Time

-850.00

-800.00

-750.00

-700.00

-650.00

-600.00

-550.00

-500.00

-450.00

-400.00

-350.00

-300.00

-250.00

-200.00

-150.00

-100.00

-50.00

0.00

50.00

100.00

150.00

200.00

250.00

0.00 1.00 2.00 3.00 4.00
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Sensitivity at Parameter
Dependent Time

t! (p)

x(t,p)
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Total derivative of                   includes contribution from

parametric dependence of time:

Sensitivity at Parameter
Dependent Time
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Sensitivity of ODE solution without parametric

dependence of time (deriv. of             w.r.t. 2nd

argument)
   x(t,p)



17

Sensitivity at Parameter
Dependent Time

   

If ! = p then 
"!
"p

= 1 and:

Dx

Dp
(! ( p), p) = f (! ( p),x(t, p), p) +

"x

"p
(! ( p), p)

If ! (p) given by g(x(! (p),p),p) = 0 then solve:
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(p) (if solution exists and is unique: transversality condition).
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0 tt*(p)

this distance proportional
to change in slope and

change of slope

Sensitivities at Events
Characteristic Jump

� 
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   !x = f (1) (t,x, p)
   !x = f (2) (t,x, p)
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� 

x( t,p)
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Sensitivities at Events

   

Transition function: x(!
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Sensitivities at Events

! Can also differentiate more general transition
function

! Transversality condition implies unique
sensitivity of event time

! Result assumes given sequence of events that
does not change in a neighborhood of
parameter value

   

!"
i

!p
(p) from differentiation of transition condition as before
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Existence and Uniqueness
Theorems

! Existence and uniqueness for sensitivities of hybrid
systems embedded with:
! Nonlinear ODEs

! Linear time invariant DAEs

! Index 1 semi-explicit DAEs

! Sensitivities of hybrid systems exist almost everywhere

! Critical parameter values at which (for example)
sequence of events changes qualitatively
! Hypotheses of theorems do not hold

! Typically associated with discontinuity or nonsmoothness of the
objective function in optimization

[1] S. Galán, W. F. Feehery and P. I. Barton. Parametric sensitivity functions for hybrid

     discrete/continuous systems. Applied Numerical Mathematics, 31(1): 17-48, 1999.
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Hybrid Sensitivities: Example
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Hybrid Sensitivities: Example

p=2.9 p=3.1

JACOBIAN Sensitivity Analysis

x

dx/dp

Values

Time
-3.00

-2.50

-2.00

-1.50

-1.00

-0.50

0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

5.00

0.00 2.00 4.00 6.00 8.00 10.00

JACOBIAN Sensitivity Analysis

x

dx/dp

Values

Time-1.00

-0.50

0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

5.00

0.00 2.00 4.00 6.00 8.00 10.00










































































































































































































































