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Abstract--In this paper, the MINLP problem for the optimal synthesis of process networks is modeled 
as a discrete optimization problem involving logic disjunctions with nonlinear equations and pure logic 
relations. The logic disjunctions allow the conditional modeling of equations (e.g. if a unit is selected, 
apply mass/heat balances; otherwise, set the flow variables to zero). It is first shown that this framework 
for representing discrete optimization problems greatly simplifies the step of modeling. The outer 
approximation algorithm is then used as a basis to derive a new logic-based OA solution method which 
naturally gives rise to NLP sub-problems that avoid zero flows and a disjunctive LP master problem. The 
initial NLP sub-problems, that provide linearizations for all the terms in the disjunctions, are selected 
through a set-covering problem for which we consider both the cases of disjunctive and conjunctive 
normal form logic. The master problem, on the other hand, is converted to mixed-integer form using a 
convex-hull representation. Furthermore, based on some interesting relations of outer approximation 
with generalized Benders decomposition, it is also shown that it is possible to derive a logic-based 
method for the latter algorithm. The proposed algorithm has been tested on several structural 
optimization problems, including a flowsheet example showing distinct advantages in robustness and 
computational efficiency when compared to standard MINLP models and algorithms. 

INTRODUCTION Wolsey, 1988). Model ing discrete/continuous opti- 

mization problems is also very user dependent ;  the 
Optimizat ion methods  for the synthesis and design same problem might be formulated quite differently 

of process networks involve mathematical  models from one designer to another.  With current MINLP 

that deal with discrete and continuous variables techniques,  there is also the computat ional  difficulty 

(Grossmann,  1990). Discrete variables play an that each and every constraint must be solved even if 

important  role in the synthesis of process systems, units "disappear"  from a superstructure. It would be 

These are generally restricted to binary variables clearly desirable to eliminate constraints of  non- 

with "1" indicating the selection of a unit or assign- existing tasks (or process units), not only to reduce 

ment  of a task, "0" indicating the absence of a unit the dimensionality of the problem, but also to elimi- 

or  a task. Simultaneous optimization of discrete and nate the effect of singularities and non-convex con- 
continuous variables is necessary for a process straints. 

network problem which is nonlinear in nature. One of the most common methods for solving 

Therefore ,  the problem is formulated as a mixed- MINLP problems is the NLP-based branch and 

integer nonlinear programming (MINLP)  problem, bound algorithm (Beale, 1977; Nabar  and Schrage, 

During the last few years, there has been a signifi- 1990), which is very similar to the LP-based branch 

cant increase in the development  of MINLP models and bound for MILP problems. Another  method is 

for synthesizing complete  processes or sub-systems the generalized Benders decomposit ion (GBD)  

(see Grossmann and Daichendt ,  1994; Grossmann (Geoffrion,  1972) which involves the project ion of 

and Kravanja,  1995) and solving scheduling prob- continuous variables onto the space of binary vari- 

lems for batch and continuous processes (Reklaitis,  ables. The algorithm consists of solving pseudo- 

1991). The efficiency in solving these problems integer MILP master problems and NLP sub- 

highly depends on the problem structure. While problems for fixed 0-1 variables. The outer- 

certain models with a large number  of variables and approximation (OA)  method (Duran and 

constraints can be solved to optimality with modest  Grossmann,  1986; Fletcher and Leyffer,  1994) is 
computat ional  effort,  some models with a small similar to GBD.  However ,  the MILP master prob- 

n u m b e r  of variables and constraints might be very lem is defined in the full space of discrete and 

hard to get even a feasible solution (Nemhauser  and continuous variables, and thus predicts stronger 

bounds than Benders decomposit ion.  A heuristic 
5-To whom all correspondence should be addressed, extension of the O A  algorithm to deal with non- 
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convexities in MINLP problems was proposed by disjunctive modeling framework outlined in Raman 
Viswanathan and Grossmann (1990). This algorithm and Grossmann (1994). These authors addressed the 
includes an exact penalty function to allow violation solution of the linear case, while this paper is aimed 
of the linearizations of non-convex constraints at the solution of nonlinear problems. The proposed 
through slack variables. The approach has proved logic-based MINLP algorithms correspond to the 
successful for finding near-global optimal solutions, outer approximation method by Duran and 
but it may also fail because the method is not Grossmann (1986) and Benders decomposition 
rigorous for finding global optima. Other solution (Benders, 1962) as applied to the generalized dis- 
methods for MINLP problems include the extended junctive programming model. The proposed algor- 
cutting plane method by Westerlund and Pettersson ithms have the important property of avoiding solu- 
(1992) and the feasibility search method by tion of the NLP sub-problems with zero flows (see 
Mawekwang and Murtagh (1986). Kocis and Grossmann, 1989). Furthermore, the pro- 

The OA algorithm can be used to solve MINLP posed methods provide a formalization of the ideas 
problems with linear 0-1 variables and nonlinear behind the modeling/decomposition strategy. 
continuous variables. However, as the size of the Several interesting theoretical properties of the 
optimization problem increases, the increase in the methods are presented, as well as numerical results 
size of master and sub-problems that must be solved of several example problems. 
becomes a major computational bottleneck. 
Furthermore, singularities due to linearizations at BACKGROUND 

zero flows and non-convexities often cut off the Raman and Grossmann (1994)recently proposed 
global optimal solution. Therefore, it is necessary to a new modeling framework for the discrete optimi- 
improve the solution strategy for large-scale flow- zation of superstructures of linear process network 
sheet optimization problems. The difficulty of large problems. A logic-based representation is used, in 
numbers of 0-1 variables has been addressed by which the mixed-integer logic is represented through 
Quesada and Grossmann (1992) who proposed an disjunctions. The generalized disjunctive program- 
LP/NLP based branch and bound method, ming model is given as follows: 
However, convexity was assumed in this work. 
Knowledge of the topology of the process network min Z = Z ci+f(x) 
and the logic relations among the units provides i 
important information about the set of alternative s.t. 
feasible solutions, which can be used to reduce the 

g (x) ~< 0 
combinatorial complexity of the problem. Raman 

and Grossmann (1993) showed that it is possible to [ 1 1 ' 0 1  ! [ a Y i l l  
use logic relationships between the process network hi(x) <~ V I B'x = 131 i ~ D (P) 

units to achieve order of magnitude reductions in L ci= yi _j L 6 =  o ]  
the computational effort for linear problems. A 

f2 (Y) = True 
modeling/decomposition strategy was proposed by 
Kocis and Grossmann (1989) to address the diffi- x e R " ,  c~>0, Y e{True, False}". 

culty of singularities arising due to zero flows in The nonlinear model (P) involves the following 
nonlinear flowsheet synthesis problems. These auth- three types of variables: x and ci are the continuous 
ors showed that the modeling strategy could elimi- variables (the former correspond to flows, pres- 
nate some non-convexities in the interconnection sures, temperatures, alike the latter are used to 
nodes through linear constraints and outer approxi- exclusively represent fixed charges); the Boolean 
mations, and the decomposition strategy required variables, Yi, that are associated with the existence 
solution of NLP sub-problems with existing units of units and are used to indicate whether a given 
only. The modeling/decomposition strategy has disjunction i is true or false. It should be noted that 
been implemented in a computer program, there are no binary variables involved in the model 
PROSYN-MINLP,  for the structural optimization (P) (see Appendix A for an example of a logic-based 
of process flowsheets (Kravanja and Grossmann, MINLP model). In the generalized disjunctive non- 
1990; 1994). linear optimization model (P), the objective func- 

Motivated by the potential of using logic to tion and the first set of constraints may involve 
improve the modeling and solution of network syn- linear or nonlinear functions. The first set of con- 
thesis problems, two new logic-based MINLP algor- straints represent global inequalities that hold irres- 
ithms are proposed in this paper. These are based on pective of the discrete choices. The set of disjunc- 
modeling synthesis problems with the generalized tions, D, apply for the processing units. If a process 
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unit exists (Y,=True) ,  then the equations and con- Y, by 0-1 variables y~ and by representing the dis- 
straints describing that unit are enforced and a fixed junctions using the "big-M" constraints: 
charge is applied; otherwise (7 1I, = False) a subset of 

hi(x) <~ M,(1 - y,) 
continuous variables and the fixed charge are set to 
zero. We define g i = [b~r], such that b 1 -  e~ if xj= 0, x<~xUy~, c,= 7,Y, (4) 
and b[  = O r if xi 4: 0. In this way, only a subset of the 

where x c is an upper bound and M~ is a sufficiently 
variables x is forced to zero (typically flows). It 
should be noted that in certain cases the disjunctions large constant. Constraint (4), however, often yields 
may involve more than two terms. In this case, the poor relaxations. For the case of linear models, it 

was shown by Raman and Grossman (1994) that it is 
set of disjunctions will have the following form: 

possible to formally characterize those disjunctions 
r Yil "] for which their mixed-integer equations yield the 

V ] d,/ (x) ~< 0 [L i ~ / ) .  (1) same convex hull and logic information (these type 
! / of disjunctions are called "well-behaved" or "w-MIP 

j,so~ [_ cq=y0_] representable"). The authors used these ideas to 

For the sake of simplicity in the presentation, how- develop a branch and bound method for mixed- 
ever, we do not consider explicitly the above dis- integer linear programming problems in which dis- 

junctions are explicitly treated and propositional 
junctions in problem (P). The logical relationships 

logic is also integrated symbolically. In this paper we 
among the Boolean variables describing connections 

concentrate instead on the development of algor- 
and interactions between the units in the super- ithms that can explicitly solve nonlinear versions of 
structure are given in the form of propositional problem (P). The following section provides a speci- 
logic, ~(Y) ,  which can be given in either of two 

tic example. 
forms (see Raman and Grossmann, 1993). 

(a) Conjunctive normal form (CNF): Example 1 
Consider the optimization of a process network 

Q c = [ V  1I, V ~ Y , ] A [ v  Y, V~Y~] with fixed charges in Fig. 1 (Kocis and Grossmann, 
i6el iEPl J Ci~t,2 iep2 1989). The raw material A can be processed in 

-1 either processes 2 or 3 to produce B which is 
A . . .  A ~ II,. ~( 7 1I,]. (2) required for the production of C. Alternatively, B 

i ,; I E PS 

can be purchased from the market eliminating pro- 

(b) Disjunctive normal form (DNF): cesses 2 and 3 if it is profitable. If any unit is 
selected, a fixed cost has to be paid for that selec- 

ff~D= [/NQ y , A ~ Y i ] v [ c A o Y i A T Y , ]  tion. The objective function includes the operating 
, ie0~ s : g,0z costs and the revenue from the sales of product C. 

The superstructure involves three units and the 

V |  [ A YiiemoRnYi • (3) Boolean variables, Yl, Y2 and Y3 represent the 
V • • " L~0R existence of units in the flowsheet. Design specifica- 

tion of the problem requires that processes 2 and 3 
The CNF logic describes the relationships 

cannot appear together in a feasible flowsheet. The 
between the process units (or tasks) in the super- project is canceled when the production of C from 
structure and every clause in (2) must be satisfied for 
the problem. On the other hand, each term in DNF any feasible flowsheet is not profitable. The con- 

tinuous variables x~-x~ represent the amount of 
logic describes a feasible configuration within the 

material flow. The relationships between the units in 
superstructure and only one of the terms has to be 
satisfied. The total number of terms in DNF logic is the superstructure are established through logic pro- 
equal to the total number of alternative configu- positions of the Boolean variables. 

rations for the superstructure and therefore corre- 
sponds to the maximum number of structurally feas- x6 
ible sub-problems. The DNF formulation can be x2 ~ x 4  /B 
used for problems requiring relatively few feasible 2 vff-.q / 
configurations, while the CNF formulation is used ~ x l  [ - 
for problems for which the total number of feasible A 1~. ~. ] ' ~ c 
configurations can be large. 

Problem (P) can be transformed into an algebraic 
MINLP problem by replacing the Boolean variables Fig. 1. Superstructure for Example 1. 
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The optimization problem can be expressed in the problem (P), the NLP sub-problem for the fixed 
generalized disjunctive modeling framework (P) as choice of the Boolean variables, YI, is as follows: 
follows: 

(0 objective function: min Zv = 2 ci + f (x )  

min Z=c~ + c , +  c3 +x4+ 1.8x~ + 1.2x~ 

+ 7x6-11xs (5) s.t. 

subject to g(x) <~ 0 

(ii) mass balances for mixer/splitters: 

hi(x)<~O I Yi-  True 
X 1 - -  X2 - -  X 3  = 0 for l _ 

ci =)'i J 
X 7 - -  X 4 - -  X 5 - -  X 6 = 0 (6) (S t) 

(iii) upper bound on the material flows and pro- Bix = O for YI = False 
duction: cg = 0 

x5~5 x e R n, c >~O 

xs ~< 1 (7) 
where Zc corresponds to an upper bound for the 

(iv) disjunction for each unit: objective function of problem (P). Note that prob- 

I x Y l l . ~ y  ' lem (S~ requires only solution of the constraints that 
belong to those disjunctions in which their cortes- 

Unit 1: 8 = 0.9x ~/ r7 = xs = C (8) ponding Boolean variable is True. The sub-problem 

[_ c~ = 3.5 d Cl = 0 (s') avoids the solution of the NLP for the entire 
Y2 ] 1- n 1i,_ superstructure since a subset of continuous variables 

J L x for the non-existing units are set equal to zero and 
Unit 2: r4 = In(1 +x2 V 2 =x4 = 0 (9) removed from the model. This has the advantage of 

c~ = 1 c2 = 0 not only reducing the dimensionality, but also of 
avoiding zero flows which can lead to singularities 

Y3 " [" ~ Y3 -~ and eliminating non-convexities of the non-existing 
Unit3: r s= l .21n( l+x3)  V I x 3 = x s = 0 [ ( 1 0 )  

units (Kocis and Grossmann, 1989). The master 
c3= 1.5 L c3=0 J problem corresponding to problem (P)can be der- 

(v) design specification and logic propositions: ived by using a similar reasoning as in Duran and 
Grossmann (1986). Given L major iterations, the 

rl  ~Y2V Y3V( n Y2 A7 Y3) linearization set K~ = {1] Y~ = True, l=  1 . . . . .  L} can 

I"2~ YI (11) be defined for linearizations generated for disjunc- 
tions i in which their corresponding Boolean vari- 

I ~  Y1 able is True. Nonlinear terms in the objective and in 
1 Y~V'IY3 the global inequalities are linearized at the solution 

points determined from the corresponding subprob- 
(vi) variables: lems (Sl), l = 1 . . . . .  L. The master problem is given 

c~, c2, c3 ~> 0, x~1> 0 i = 1 . . . . .  8 by the following disjunctive linear program: 

Yj ~ {True, False} j = 1, 2, 3. (12) 
min ZL = aoa + Ci 

i 

L O G I C - B A S E D  O U T E R  A P P R O X I M A T I O N  

s . t .  

The original outer approximation algorithm by 
Duran and Grossmann (1986) requires the solution aoa >~f(x 1) + Vf(x ~) r ( x - x l ) )  
of NLP sub-problems, which are obtained by fixing g(x t) + Vg(x I) r(x - x l) ~< 0 ]'j l = 1 . . . . .  L 
the binary variables, and of MILP master problems 
that provide lower bounds and new values for the 
integer variables. The NLP sub-problems and the F Y~ 1 
resulting MILP master problems are solved until the lhi(xl) + Vhi(xt) r ( x -  xt) <~ 0 le  K~ J bounds for those two problems converge. From ci=~'g 
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f 7Yi ~ a"">~f(xt)+Vf(xt)r(x-xt)~ 
t t r  t . / = 1  . . . .  L V ]Btx=O| i cD  (MEg) g(x)+Vg(x)  ( x - x ) ~ O  J ' 

[_ c, = 0 J Vh,(xt)Tx <~ [ -h i (x  t) + Vh,(xt)rxt]yi lc KiL, ie D 

f2(Y) = True (IVlLA) 

X ~ R ~, C 1> 0, Y ~ {True, False}"' Ay ~< a 
ao~Rl ,x~Rn,  yc{O, 1} m. 

where ZL corresponds to the lower bound for the 
objective function for the problem ( P ) i f f ( x ) ,  g(x) It is interesting to note that the linearization of 
and h(x) are convex functions. The important functions of the disjunctions indicates the use of the 
feature of the master problem (MLA) is that it binary variables y~ to force the variables to zero if a 
preserves the structure of the original problem (P). unit does not exist. Kocis and Grossmann (1989) 

Rather than solving problem (MLA) as a disjunc- used a similar scheme but gave no theoretical justifi- 
rive problem (e.g. see Beaumont, 1990) we will cation for it. The master problem (I~ILA) can be 
consider its solution as a mixed-integer linear pro- solved directly as an MILP or with the branch and 
gram. To avoid using "big-M" constraints and in bound method proposed by Raman and Grossmann 
order to obtain a tight or "sharp" formulation, the (1993) if the logic relations are handled symboli- 
convex-hull representation of the linear disjunction cally. For non-convex NLP problems, the aug- 
by Balas (1985) is used as shown in Appendix B. mented penalty MILP master problem proposed by 
The advantage of the convex-hull representation of Viswanathan and Grossmann (1990) can be used. 
the above disjunctive program is that the formula- This method involves the addition of slacks into the 
tion is generally much tighter than the formulation constraints and the introduction of a penalty func- 
with the "big-M" constraints in (4). A detailed tion in the master problem to reduce the problem of 
discussion on the treatment of convex-hull represen- cutting off the continuous feasible region. 

tation of disjunctions can be found in Raman and 
Grossmann (1994). ALGORITHM 

The treatment of disjunctions with more than two Application of the logic-based OA algorithm 
terms [see equation (1)] within the framework of requires successive solution of NLP sub-problems 
convex-hull representation is illustrates with a single (S ~) and disjunctive master problems (MLA) which in 
choice splitter in Appendix C. Also, we convert the this work will be solved with the MILP problem 
logic relations into integer inequalities, Ay ~<a, (l~bA). A major feature of the proposed method is 
which are generally redundant and do not alter the that the NLP sub-problems (S t) are defined and 
optimal solution. However, they are useful in expe- solved for the existing units only. 
diting the search for the optimum. An example for An interesting question that arises is how many 
converting the logic propositions into integer NLP subproblems (S t) should be solved in order to 
inequalities is illustrated in Table 1 for example 1. define linearizations for all the terms in the master 
By replacing the Boolean variables by 0-1 variables problem (MLA). This task can be accomplished with 
and applying the equations for the convex-hull rep- a set-covering problem which determines the mini- 
resentation (see Appendix B), the proposed MILP mum number of substructures providing outer 
formulation of the disjunctive master problem approximations for all the units. This method 
(MLA) is as follows: provides an alternative procedure to the modeling/ 

decomposition strategy by Kocis and Grossmann 
min ZL = ao~ + E 7iY~ (1989) which consists of decomposing the flowsheet 

into an initial flowsheet and disjoint sub-systems 
which are optimized by a Lagrangian method. It can 

s.t. generally be expected that the quality of the outer 
approximations with the proposed method will be 

Table 1. CNF logic expressions for Example 1 better, since they are evaluated at the optimal con- 
ditions of a feasible structure. 

Logic proposition Clauses Constraint 
The logic propositions describing the topology of 

Y ~ Y 2 v Y 3 v ( ~ Y 2 A ~ Y 3 )  (~Y~vY2v~Y2vY3) Y~-Y3 ~<1 the superstructure of the problem can be used to 
(~YIvY3v~Y~vY2) yl-y2~l r2:::> YI ~ Y2 k~ YI Yl-Y2>~ 0 determine the initial and structurally feasible NLP 

Y3~Yt ~Y3VYt Yl-Y3 ~>0 problems for generating all the appropriate outer 
Specification ~Y2k/~Y3 Y2+Y3<~I approximations. The superstructure of a network 
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can be described in either CNF or DNF logic [see (2) Step 1: Model the MINLP problem in genera- 
and (3) respectively]. If the topology of the flow- lized disjunctive form as in (P). 
sheet is described in DNF logic, the potential flow- Step 2: Identify the NF sub-problems to be solved 
sheet structures are specified as follows: from the set covering problems (for DNF 

[ ~  ] expression of propositional logic, solve 
E2o = ~ Y, ~ Y~ (13) the problem (14) and for CNF expression 

r=~ g of propositional logic, apply the pro- 

where R is the number of feasible designs and I~, and cedure in Appendix D). 
I r are the corresponding subsets of non-negated and Step 3: Solve NLP sub-problems (S t) for the NF 
negated Boolean variables ( I =  Ip O 1~) that define sub-structures determined in Step 2. The 
the existing and non-existing units, respectively, lowest cost solution of these NLPs gives 

The problem of identifying the fewest number of an upper bound, Zu, for the problem. 
flowsheet structures that are to be optimized in Step 4: Linearize the objective function and con- 
order to generate at least one linearization for each straints of the current NLP sub- 
disjunction can be formulated as the following set- problem(s) and set up the MILP master 
covering problem: problem (I~'ILA). The solution of this 

g problem gives the lower bound, ZL, for 

min NF= ~ wr (14) the problem. 
r=l Step 5: Compare the current upper bound Zu 

with the lower bound ZL. If ]Zu - ZLI ~<e, 
s.t. where e is a tolerance, then stop. The 
n solution with the current Zu is the opti- 

av, wr 1> 1 Vi c I mal solution. Otherwise go to Step 6. 

r=~ Step 6: Solve NLP sub-problem (S l) by fixing the 
where Boolean variables predicted by the 

f 1 if unit i is present in alternative r (Y~) master problem. The objective function 
value of the solution is ZNLP. If Z~t.e < Zu, 

a,  = ~.0 else (7 Y~) set Z O = ZNL P- 

Step 7: Compare the upper bound Zu with the 
1 if alternative r is selected among DNF lower bound ZL. If Iz -z l <<.~ then stop, 

W r 0else the solution with the current Z U is the 
optimal solution. Otherwise go to Step 4. 

The NF sub-problems (S ~) are then defined by the 
following combinations of Boolean variables: 

LOGIC-BASED BENDERS DECOMPOSITION 

Y~ = True i ~ I~, 
The original generalized Benders decomposition 

Y~=Falsei~l~ for w~= l ,  r =  l . . . . .  R. (15) by Geoffrion (1972) involves the solution of NLP 

The NF sub-problems include every unit at least sub-problems, and pseudo-integer master problems 
once, but typically a number of them will appear which correspond to the projection of the mixed- 
more than once. It should be noted that generally integer space of OA onto the space of binary vari- 
the number NF of initial NLP sub-problems that ables only (see Quesada and Grossmann, 1992). 
must be solved is considerably smaller than the total Since the logic-based modeling framework in (P) 
number of alternative flowsheets (e.g. see Example involves Boolean variables and not binary variables 
3). in the problem formulation, it is not possible to 

Appendix D describes a modified version of the directly derive a logic-based version of GBD. More 
set covering algorithm which can handle the pro- specifically, since there are no binary variables 
positional logic given in CNF form as in (2). This involved in model (P), it is not possible to project 
form is especially useful for large problems because the continuous space of the disjunctions onto the 
it does not involve specifying all the feasible configu- space of binary variables to derive Lagrangian cuts. 
rations as is the case in the DNF form (3). Instead, Alternatively, the projection of disjunctions to the 
only the logic relations between the units need to be space of Boolean variables is unclear. What we can 
postulated, do, however, is to use the MILP master problem 

Assuming feasible NLP sub-problems, the steps (/QLA) for the logic-based outer-approximation 
of the proposed logic-based outer-approximation method as a basis for deriving a logic-based genera- 
method are as follows, lized Benders decomposition. In particular, the idea 



Logic-based MINLP algorithms 965 

is to exploit the following equivalence between solv- + E  E 2~[Vhi(x')'Xk (MBk) 
ing the MILP master problem of the outer- 

i I 
approximation method by using one Benders ite- 
ration and solving the master problem of the GBD [ -  hi(xl) + Vhi(xt)rxt]Y i] k = 1 . . . . .  L 

method. A y <<- a 

Theorem 1. Given is the following MINLP prob- t2bd • R j, y e {0, 1} '~ 

lem (MIP): where x k and/~ k, 2~' are the primal and dual variables 

min Z =  cTy + ¢p(x) of the problem (LM k) respectively. The first set of 
s.t. constraints are Benders cuts obtained from the 

objective function and the mixed-integer linear con- 
~pj(x) + bfy <~0 j •  J (MIP) straints. The second set of constraints are the pro- 

Ay <~ a positional logic relationships converted into integer 
constraints. Having completed the solution of the 

x • X, y • {0, 1} n initial NF sub-problems, only one new cut is gener- 
in which the functions q~(x) and ~pj(x) are convex ated from the LP problem (LM k) at iteration k ~  > 
and differentiable. NF + 1. 

Solving the MILP master problem of the outer- The steps of the logic-based Benders 
approximation method by one Benders iteration Decomposition algorithm are then as follows. 
yields a solution that is equivalent to the solution of Step 1: Model the MINLP problem in genera- 
the master problem of generalized Benders lized disjunctive form as in (P). 

decomposition. Step 2: Identify the NF sub-problems to be solved 

Proof. See Appendix E. from the set covering problems [for DNF 
Following the proof of Theorem 1, we can per- expression of propositional logic, solve 

form one Benders iteration on the MILP problem problem (14) and for CNF expression of 
(I('ILA) to obtain a "Benders-like" prediction for the propositional logic, apply the algorithm in 
0-1 variables. The LP sub-problem for fixed 0-1 Appendix D]. 
variables, y~, which are the same as the Boolean Step 3: Solve NLP sub-problems (S t) for the NF 
variables, Y~, that were fixed for the corresponding sub-structures determined in Step 2. The 
NLP sub-problem k = 1 . . . .  , L, is given as follows: lowest cost solution of these NLPs gives 

an upper bound, Zv, for the problem. 
min Z~ = Cto~ + E 7iY~ Step 4: Linearize the objective function and con- 

straints of the current NLP sub- 
s.t. problem(s) and set up the master prob- 

lem (M~A). aoo>~ f(x ') + V f (x')T(x -x')] 
t ~ l =  1, L (LM k) Step 5: Set the 0-1 variables to the same values of 

g(x t) + V g ( x l ) r ( x - x  )~< 0 J . . . .  the Boolean variables as in the previous 

NLP sub-problem(s) and construct linear V hi(xt) Tx <~ [-h , (x  t) + V h~(x t) 7 xt]y~ 1• K'L, i •  D 
sub-problem(s) (LMk). Solve these sub- 

ao, • R ~, x • R". problem(s) and obtain Lagrangian mul- 

Note that at the initial phase of the algorithm in tipliers of the constraints and optimal 
which NF NLP sub-problems (S l) are first solved, values for the continuous variables to 
the above LP sub-problem can be solved for each of define the Lagrangian cuts in (MBk). 
the initial 0-1 variables, yk, k = 1 . . . . .  NF, and with Step 6: Set up and solve integer programming 
the NF linearizations accumulated at that point, NF problem (MBk). The solution of (MB k) 
Benders cuts can be generated. Assuming feasible gives the lower bound on the objective 
NLP sub-problems k =  1 . . . . .  L, the logic-based function value (ZL). 
Benders master problem is then as follows: Step 7: Compare the current upper bound Zu 

with the lower bound ZL. If [ Z o -  ZL] ~e 
min Z8 = abd+ E y~y~ then stop, the solution with the current 

' Zu is the optimal solution. Otherwise go 
s.t. to Step 8. 

Step 8: Solve NLP sub-problem (S t) by fixing the 
k abd>tO~oa-I- E fll [--O~oa-t- f(xI) q- • f(xI)T( xk -  XI)] B o o l e a n  v a r i a b l e s  predicted by t h e  

master problem. The objective function 
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value of the solution is ZNL P. If I Z u -  ZLI obtain outer approximations for three units in the 
<e,  set Zu = ZNLP. superstructure which are the first and second terms 

Step 9: Compare the upper bound Zu with the in (17). In this first sub-problem, unit 3 does not 
lower bound ZL. If IZu--ZLI ~<e then exist as shown in Fig. 2, therefore the constraint 
stop. The solution with the current Zu is involving this unit can be discarded from the model. 
the optimal solution. Otherwise go to The NLP sub-problem for the first sub-problem in 
Step 4. Fig. 2. is: 

It should be noted that in the initial phase of the m i n  ZNLP = C I -~ C2"+-/7 3 "{-X4-]-1-8X 1 

problem, after Step 5 is activated, NF different cuts 
+ 1.2x5 + 7x6- l lxs  

are generated from the NF initial NLP sub- 
problems. Also, as shown in Appendix F, the inter- subject to 
esting feature of the logic-based GBD algorithm is 
that it predicts lower bounds that are generally x~-x2-x3=O 
tighter than the conventional GBD method, x 7 -  x 4 -  x5-x6 = 0 

Theorem 2. The master problem of the logic- xs<~5 
based generalized Benders decomposition (MB k) 

xs~ < 1 
yields tighter lower bounds than the master problem 
of GBD applied to problem (MIP). x~ = 0.9x7 

Proof: See Appendix F. [] cl = 3.5 

Qualitatively, the above property follows from the x4 = ln(1 +x2) (18) 
fact that with the convex-hull representation of the 
master problem (M~A), the Lagrangian cut in the c2= 1 
Benders master problem (MB k) includes the effect x3 = 0 
of the equations with 0-1 variables. In contrast, in 

X 5 ~ 0  
the standard GBD method, this term is not present 
(see Example 4 in Appendix F). c3 = 0 

Example I revisited c~, c2, c3/> 0, x, > 0 i = 1 , . . . ,  8. 

The modeling example described earlier in the The proposed modeling framework eliminates 
paper will be solved to illustrate the logic-based three out of 12 variables and one out of two nonli- 
MINLP algorithms proposed in this paper. The first near constraints which are written for the units, 
step is to convert to integer constraints the logical besides the fixed costs for the two existing units are 
relations between the process units of the super- fixed. The solution of (18) gives an objective value 
structure (11) as shown in Table 1. Note that, for of -1.7210, which corresponds to a profit of 
completeness, we include the first logic proposition $1.7210 x 103/h. The proposed algorithm differs 
although it is a redundant condition. The CNF logic from the original outer-approximation algorithm by 
for the superstructure in (2) contains five clauses, all requiring the solution of another NLP sub-problem 
of which have to be satisfied simultaneously for a as determined by the set covering problem to get 
feasible flowsheet: enough outer approximations for the super- 

structure. The flowsheet for the second sub-problem 
Qc = [-1Y2Vn y,] A [1 Y,V Y2V Y3V 1 Y2] 

consists of units 1 and 3 with the optimal objective 
/~ [7 Yt V Y~_V Y3V n y~] A [7 Y2 V Y~] function of - 1.9231. After comparing the objective 

function values of these two sub-problems, the cur- 
/k[7 Y3V Y,]. (16) 

rent upper on the problem is set to -1.9231. Then, 
If the above is converted to DNF (see Raman and 
Grossmann, 1993) form it yields: x6 

f . . . .  . . . . . .  
x2 r - - - - - - - I  x4_ ] B 

~o=[Y, AY2A7Y3]V[Y~A1Y2 AI(~] ~ 2 
v [ Y ,  A7 Y.A7 y , ] [ .  Y~A. Y . A .  Y3]. Xl x7 x8 

A c 
(17) ',x3 r - - - - - - -~x5 I 

Applying the set-covering problem given in (14) 
indicates that two sub-problems have to be solved to Fig. 2. Flowsheet of the first sub-problem for Example 1. 
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Table 2. Summary of major iterations for OA in Example 1 

Logic-based OA OA DICOPT + + 
Iteration ZNLp ZL ZNLp ZL ZNLp Zi. 

NLP sub-problem l - 1.7210 
NLP sub-problem 2 - 1.9231 - 1.9231 

1 -1.7210 -3.0000 -6.2999 -2.4671 
2 -1.9321 -1.9321 -1.7210 -2.1902 
3 - 1.9231 0.0000 

the master problem for the example is constructed methods is the number of MILP master problems 
by including the outer approximations from the first solved; one for the logic-based OA and two for the 
and second sub-problems with the convex-hull rep- OA. In addition, the sizes of the NLP sub-problems 
resentation as follows: with the proposed algorithm are smaller compared 

to that of the OA. DICOPT+ + (with convex 
min Z L = 3.5yl + Y2 + 1.5y 3 + X 4 -t- 1 .8X 1 

termination criterion) takes three major iterations 
+ 1.2x5 + 7x6-11x8 to solve the same problem. The first iteration starts 

subject to with a relaxed MINLP, which in this case provides a 
rigorous lower bound on the problem. The second 

x~ -x2 -x3  = 0 and the third iterations correspond to similar ite- 
rations of OA respectively except that they include 

X7--X4--X5--x6~O 
integer cuts. 

x5 ~<5 The logic-based Benders decomposition algor- 

Xs<~l ithm requires the solution of two initial sub- 
problems for this problem too. Then, the MILP 

x8 = 0.9x7 (19) master problem given in (19) is solved as an LP sub- 

-0.329193x2 + x4 ~< 0.440304y2 problem by fixing the binary variables to the corres- 
ponding Boolean variable values with the NLP sub- 

-0.475397x3+xs~<0.386508y3 problems respectively. Therefore, two cuts are 

Y~- Y2 ~> 0 generated for the first integer master problem: 

Yl --  Y3 ~> 0 min Z L = (~LB 

Y2 + Y3 ~< 1 subject to 

at,8/> 3,5yl - 1.4076y2 - 4.0561y3 - 3.8130 
y i -  y2<<- i 

aLB/> 3.5yj -- 0.7551y2 + 0.0367y3-- 5.4603 (20) 

y~--y3 ~<1 Yt--Y2>~O 

yl,y2, YaC={O,1},xi>~O i=1  . . . . .  8. y l _ y 3 ~  0 

Note that the master problem does not include the Y2 -t- Y3 ~ 1 
linearizations of nonlinear constraints at zero flows 

Yl -Y2 <- 1 
and the outer approximation of them are made at 
the optimal values of continuous variables in that y~-y3 ~< 1 

particular sub-problem. Yl, Y2, Y3 • {0, 1}. 
When the first MILP master problem (19) is The first master problem predicts the configu- 

solved, the solution has an objective function value ration in which none of the units are used with a 
of -1.9231 which corresponds to the upper bound lower bound of -3.8130. At this point, the NLP 
on the problem. The upper and lower bounds are sub-problem does not have to be solved, since the 
equal to each other and the algorithm terminates proposed modeling framework eliminates the equa- 
with the optimal configuration of units 1 and 3, and a tions and variables for non-existing units. The algor- 
profit of $1923.1/h. When the problem is solved by ithm continues with the LP sub-problem obtained by 
OA algorithm with the same initial configuration, fixing the binary variables to 0. Then, the third 
the same optimal configuration is obtained in two Benders' cut is obtained as follows: 
major iterations. It is interesting to note that both 
the proposed method and original OA algorithm CtLB~ >-46y~  +y2 + 1.5y3. (21) 

require solution of 2 NLP sub-problems as shown in This cut is added to the integer master problem 
Table 2. The main difference between the two (20) and solved again with an optimal structure 
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Table 3. Summary of major iterations for Benders in Example I Solution of the set covering problem indicates that 

Logic-based optimization of the NLPs for sub-structures: 
Benders GBD 

Iteration Z .... ZL Z .... ZL [Y~ AY3 AY4 AY7/XYs A 7 Y2A'~ ys~ Y6], 

NLP sub-problem 1 -1.7210 [YzAY3AY4AY6AYsA7 YI/~~ Y5/~ Y7] 
NLP sub-problem 2 -1.9231 -3.8130 

1 0.0000 -1.9231 -1.7210 -23.8278 and 
2 -1.9231 -6.2209 

3 0.0000 -2.7210 [YI A Y 3  AY5 AYs A-~ Y~An YnA7 Y 6 A n  Y7] 
4 0.27811 -1.9231 

(22) 

provides linearizations at non-zero flows for all units 
in the superstructure. Note that the solution of these 

containing units 1 and 3 and the objective function 
of -1.9231. The solution with the generalized three sub-problems may give more than one lineari- 

zation for some units. 
Benders decomposition, however requires four ite- 

Solution of the three NLP sub-problems deter- 
rations, and finds the optimum solution only after 

mined by the set covering problem gives the upper 
visiting all feasible structures, as shown in Table 3. 

bound Zu = 73.278. Solving the NLPs for the three 
The master problem of the proposed algorithm is 

sub-structures, the master problem at iteration 1 can 
able to predict tighter lower bounds compared to 
GBD. be defined which, for the logic-based outer- 

approximation algorithm, predicts the optimal struc- 
Example 2 ture for the flowsheet: processes 2, 4, 6, 8 with an 

objective function value of Z=68.0097. When 
The example problem proposed by Duran and solved with DICOPT+ + (Viswanatban and 

Grossmann (1986) in Fig. 3 will be used to illustrate Grossmann, 1990) the problem required four major 
the application of the proposed methods in the iterations and the CPU time was higher (3.8 s vs 
optimization of a larger superstructure that includes 0.6s, IBM/RS6000) since full-dimensional NLPs 
convex constraints. The logic-based MINLP model had to be solved as opposed to solving the reduced 
formulation of the problem is given in Appendix A. NLP sub-problems in (St). 
It includes eight Boolean variables, 33 continuous The logic-based Benders decomposition aigor- 
variables and eight disjunctions, ithm requires one more iteration to find the optimal 

The Boolean variables Y~ denote the existence or solution than the logic-based outer approximation 
non-existence of processes 1-8. The propositional algorithm. The first master problem predicts the 
logic expressions indicate that exactly one of the flowsheet with processes 1, 4, 6, 8. The next master 
processes 1 and 2 must be selected and processes 4 problem predicts the optimal flowsbeet by replacing 
and 5 cannot appear together in a structure. If process 1 from the previous problem with the pro- 
process 4 is not selected, then process 5 can be cess 2. The lower bounds determined from the 
selected and selection of process 4 requires the integer programming problem ( M B ) o f  logic-based 
selection of process 6 or 7. If process 3 or 5 is Benders decomposition are substantially higher than 
selected, then process 8 should also be selected. The the original generalized Benders decomposition as 
CNF expression in (2) and the corresponding integer shown in Table 5. The logic-based algorithm takes 
constraints for the flowsheet are given in Table 4. advantage of the convex-hull representation in the 

Table 4. CNF logic expressions for Example 2 

Logic proposition Clauses Constraint 

Y r~  Y 3 v Y 4 v Y 5  1YJ v Y 3 v Y 4 v Y 5  -yl  +y3+y4+ys>~O 
Y2zz~Y3vY4vY5 ~ Y 2 v Y 3 v Y 4 v Y 5  -y2+Y3+Y4+ys~O 
Y3~ Y~ ~ y~ V Y~ -y3 +ys~>0 
Y3:::~ YI V Y~ 1 Y 3 v Y I V Y :  yl+Y2-Y3>~O 
Y4~ Y1v Y2 1Y4 v YI v Y2 yJ + y2-  y4>~O 
Y4:~ Yov Y7 ~ Y4 v Y6 v Y7 -y4 + y6 + yT>~O 
Y s ~  YIVY2 ~YsvYI  vY2  yl+ y2-ys>~O 
Y ~  Y~ ~YsVYK -ys+ys~>0 
Y6~ Y4 ~ Y6VY4 y4-y6~O 
YT~ Y4 ~ YTVY4 y4-yT~>O 
Y ~ Y 3 v Y ~ v ( T Y 3 / ~ Y ~ )  ( ~ Y s v Y t v ~ Y 3 v Y s )  A -ys+ys~< 1 

( 1 Y s v Y ~ v n Y s v Y 3 )  -y3+y8~l  
Specifications ~ Y~ V !"2 Yl +Y2 ~< 1 

~Y4v~Y~ y4+ys<~1 
~Y6 v~  Y7 y6+ yT <~ l 
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xx x 4 ~ _ _ ~  x x23 x24 

x25 

x6 22a-- x,6  xt7 

Xlo 
x, 

Fig.  3. S u p e r s t r u c t u r e  for  E x a m p l e  3. 

Table 5. Comparison of the results for Example 2 

Generalized 
Logic-based Logic-based Benders 

O A  Bendcrs DICOPT + + decomposition 
Iteration ZNLP Z L ZNL P Z L ZNL P Z L ZNL P Z L 

Sub-problem 1 103.6 103.6 
Sub-problem 2 73.3 73.3 
Sub-problem 3 113.8 67.9 113.8 66.3 

1 68.0 68.0 77.1 67.3 15.1 25.3 103.6 -715 .7  
2 68.0 68.0 104.3 60.4 76.4 -372.7  
3 77.1 68.0 77.1 -133 .9  
4 68.0 72.6 73.3 -106.7  
5 99.6 - 101.7 
6 91.2 33.1 
7 82.4 47.2 
8 94.5 67.3 
9 68.0 68.0 

CPU time* 0.59 1.13 3.79 3.23 

* In, IBM RS6000/530. 

lOW cony, tow cost .k A p  <1,000 ton/day 
Y~.J1 AA 

P, cony ? ~ >90% pureC 

Fig.  4. S u p e r s t r u c t u r e  for  E x a m p l e  3. 
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master problem and eliminates the possibility of can be selected. The purge stream has a market 
selecting infeasible structures, therefore generating value as fuel. There are two reactors in the super- 
tighter lower bounds. It should also be noted that structure: one of them is lower conversion, lower 
generalized Benders decomposition in this problem cost and the other is higher conversion and higher 
took nine major iterations to converge, cost. The key optimization variables in the reactors 

are the operating pressure and the conversion per 
Example  3 pass. It is anticipated that the reactors operate at 

The proposed logic-based MINLP algorithms high pressures; therefore, reactor feed stream and 
have been applied to the flowsheet problem in Fig. the recycle stream are compressed. Two choices of 
4. It is desired to produce C with a minimum purity the compressor include a single-stage compressor 
of 90% and an amount of 1000 tons/day. The super- and a two-stage compressor with intercooling. If the 
structure contains 19 units; two different feedstocks, DNF representation is derived it can be shown that 
two compressor types in the reactor feed stream and there are 16 structural alternatives for the flowsheets 
the recycle streams, two reactors, four coolers, three in the superstructure. The problem data for the 
heaters and a flash separator. There are two alterna- example are given in Table 6. 
tive feedstocks: the first one is cheaper and the In order to satisfy safety and construction material 
second one is the more expensive, containing specifications, the operating pressure in the reactors 
smaller concentration of inert D which has to be is restricted between 2.5 and 15 MPa and the outlet 
purged from the recycle stream. Different fixed cost temperature cannot exceed 873K. The flash also 
charge applies for each feed and only one of them operates at most of 15 MPa, and it is known that the 

separation in the flash is best achieved between 300 
and 500K. These restrictions are also included in the 

Table 6. Problem data for Example 3 model. 

Feedstock Composition Cost ($/kg-mol) When this problem is modeled in the conventional 

Feed 1 A 60% 0.026 way as an MINLP, it contains 19 binary variables, 
B 25% 293 continuous variables and 353 constraints. The 
D 15% model contains highly nonlinear and non-convex Feed 2 A 65% 0.033 
B 30% constraints and, therefore, the NLP sub-problems 
D 5% fail even to find a feasible solution due to singulari- 

Product Specification Cost ($/kg mol) ties in the Jacobian. The zero flows involved in the 

P ~>90% C 0 . 2 5  nonconvex equations lead to singularities which are 
~< 1,000 tons/day 

eby 0.021 avoided in the logic-based model. The same prob- 

Utilities Cost lem can be modeled as a generalized disjunctive 

Electricity $0.03/kWh programming problem with 19 Boolean variables, 
Steam $8.0/10~'kJ 312 continuous variables, 19 disjunctions and 25 
Water $0.7/10 ~ kJ 

propositional logic relationships. The disjunctions 

low conv~cost ~ ~.M 1,000 ton/day 

~ '  90% pureC 
Fig. 5. First sub-problem for example 3. 
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I-- high cony, high cost 

1,000 ton/day 

90% pure C 

Fig. 6. Second sub-problem for Example 3. 

high cony, high cost 

J 
Feed 2 (exp.) _<1,000 ton/day 

_>90% pure C 

Fig. 7. Optimal flowsheet configuration in Example 3. 

include the model equations and constraints for the include all the units at least once. These sub- 
units. The values of the Boolean variables indicate problems are determined from the set covering 
which side of the disjunction is applied. The pro- algorithm (see Appendix D). The flowsheet in the 
positional logic relationships describe the topology first sub-problem (as shown in Fig. 5) contains the 
of the superstructure, cheaper feed (Feed 1), two-stage compressor with 

The logic-based OA algorithm starts with the intercooler in the feed and recycle streams, low cost, 
solution of two initial NLP sub-problems which low conversion reactor, flasher and the product and 

by-product heaters. The operating pressure of the 
reactor is 15 MPa and the reactor conversion per 

Table7. Sumrnary of iterations with logic-based OA for Example 3 pass is 27.6%, while the overall conversion is 

90.41%. The flowsheet meets the purity and amount Iteration Objective CPU time (s*) 
specifications on the product stream. However, this 

NLP sub-problem 1 -859,000 1.74 flowsheet incurs in a loss of $859,000/yr. 
NLP sub-problem 2 1,575,000 1.68 
Master problem l 1,868,000 1.48 The flowsheet in the second NLP sub-problem 
NLP subproblem 3 1,794,000 3.62 includes the more expensive feed, single stage com- 
Master problem 2 1,741,000 2.95 
Total time I 1.47 pressor in the feed and recycle streams, high conver- 

*IBM RS6000/530. sion high cost reactor, flash separator and the 
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heaters for the product and by-product streams as 360 

shown in Fig. 6. The reactor operates at 11 MPa ~ 320 ~, ~ [ ]  Variables 
with a conversion per pass of 33.2% and an overall ~ [ ]  Constraints 
conversion of 94.26%. The flowsheet meets the ~ 28o 

o 
purity and amount specifications on the product ~ 24o 
stream. The objective function value indicates that ~ 2o0 

this flowsheet makes profit with $1,575,000/yr. '~ 160 ~ I ; 2 ~ I  : ~ 1 ~  
The solution of two initial NLP sub-problems ~6 ~ 120 

provides outer approximations for every unit in the 
80 

superstructure with which the first master problem is 
constructed. The disjunctions in the master problem ~ 40 
are replaced with their convex hull representations 0 
and, in order to handle non-convexities, slacks were ~ ~ Subpr. 2 

added to the linearizations as discussed in Conventional Logic-Based 
Viswanathan and Grossmann (1990). The first 
master problem predicts a potential profit of Fig. 8. Comparison of the problem sizes in Example 3. 

$1,868,000/yr with the flowsheet in Fig. 7. 
In the third NLP sub-problem (Fig. 7) only, the 

feed compressor is changed from the previous sub- CONCLUSIONS 

problem. The two-stage feed compressor is able to 
A novel logic-based MINLP modeling and solu- 

attain higher pressures and the reactor pressure tion framework has been proposed for the optimal 
inreases to 13.8 MPa with a conversion per pass of 

synthesis of process networks. The generalized dis- 
30.1% and an overall conversion of 99.96%. Since 

junctive programming model is based on expressing 
the feed compressor operates at a higher pressure, it constraints through logical disjunctions and proposi- 
is possible to use less feed with higher recycle ratio. 

tions with which the NLP sub-problems only require 
This saves some money from the raw material cost 

the relevant equations for existing units. It was 
and the profit increases to $1,794,000/yr. Since the 

shown that the disjunctive models allow elimination 
upper bound ($1,794,000/yr) and the lower bound 

of redundant constraints and avoid solution of nonli- 
($1,868,000) predicted from the master problem did 

near constraints at zero fows. Another  advantage of 
not converge, another master problem is derived 

the disjunctive model is that, by eliminating the 
with the outer approximations from the three NLP 
sub-problems. The second master problem predicts constraints for non-existing units, difficulties with 

non-convexities are reduced. Therefore, the robust- 
a potential profit of $1,741,000/yr which is lower 

ness of NLP sub-problems is increased with the 
than the upper bound on the problem. The algor- 
ithm terminates after successfully finding the opti- present approach. Furthermore, due to the reduc- 

tion in the problem size, solution times for NLP sub- 
mal configuration which includes the second feed, 
two-stage compressor in the feed stream, high con- problems are also reduced. 
version reactor, expansion valve, flash, single-stage The proposed approach uses the logic proposi- 

tions for the determination of feasible flowsheet 
compressor in the recycle stream and the product 

structures. At the initial stage of the proposed algor- 
and by-product heaters. 

The CPU time required for the solution of NLP ithms, it is required to solve a number of NLP sub- 
subproblems and the master problems is given in problems so that enough linearizations for the first 

Table 7. It is interesting to see that the NLP sub- 
problem takes less time compared to the NLP that 

Table8. Summary of iterations with logic-based GBD for 
arises from fixing the 0-1 variables in the conven- Example 3 
6onal MINLP model. 

Iteration Objective CPU time (s*) 
The main reasons for the savings in the compu- 

tation time is because the problem size with the NLP subproblem 1 -859,000 1.74 
NLP subproblem 2 1,575,000 1.68 

logic-based algorithm is reduced almost by one half Master problem 1 21,211,000 1.21 
of the original MINLP problem size, as seen in NLPsubproblem 3 1,158,000 3.26 

Master problem 2 14,924,000 1.09 
Fig. 8. NLP subproblem 4 1,794,000 3.62 

When the problem is solved with the logic-based Master problem 3 6,314,000 1.60 
NLP subproblem 5 - 192,000 3.96 

Benders decomposition, the optimal solution is Master problem4 114,000 2.12 
found after solving five NLP sub-problems taking Total time 20.28 

20.28 s as shown in Table 8. * IBM RS6000/530. 
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master problem can be obtained.  Two different Grossmann I. E. and M. M. Daichendt, New trends in 
formulations were presented for the determinat ion optimization-based approaches to process synthesis. 

Proc. PSE'94, Yoon E. S. (ed.), pp. 95-109 (1994). 
of these initial sub-problems: CNF formulat ion and Grossmann I. E. and Z. Kravanja, Mixed-integer nonli- 
D N F  formulation.  The D N F  formulation can be near programming techniques for process systems engi- 
used for problems requiring relatively few feasible neering. Computers chem. Engng 19, S189-$204 (1995). 

Kocis G. R. and I. E. Grossmann, A modeling and 
configurations. The  CNF formulation is used for decomposition strategy for the MINLP optimization of 
problems for which the total number  of feasible process flowsheets. Computers chem. Engng13,797-819 

configurations can be large. Both of the formula- (1989). 
Kravanja Z. and I. E. Grossmann, PROSYN-A MINLP 

tions are automated with the present approach. The process synthesizer. Computers chem. Engng 14, 1363- 
derivation of an outer-approximation method for 1378 (1990). 
the logic-based MINLP model  has been presented as Kravanja Z. and I. E. Grossmann, New developments and 

capabilities in PROSYN--an automated topology and 
well as for a logic-based generalized Benders parameter processsynthesizer. Computers chem. Engng 
decomposi t ion method.  It was also shown that the 18, 1097-1114 (1994). 
logic-based G B D  algorithm predicts stronger lower Mawekwang H. and B. A. Murtagh, Solving nonlinear 

integer programs with large scale optimization software. 
bounds than the original G B D  algorithm. Results of Ann. Op. Res. 5,427-437 (1986). 
several examples were given and compared with the Nabar S. V. and L. Schrage, Modeling and solving nonli- 
original O A  and general ized Benders  decompo- near integer programming problems. Paper No. 22a, 

Annual A. 1. Ch.E.  Meeting, Chicago, IL (1990). 
sition methods.  A large-scale flowsheet example has Nemhauser G. L. and L. Wolsey, Integer and 
shown that the generalized disjunctive model ing Combinatorial Optimization. Wiley, New York (1988). 
f ramework can be used effectively to model  realistic Quesada I. and I. E. Grossmann, An LP/NLP based 

branch and bound algorithm for convex MINLP optimi- 
process synthesis problems. Major  advantages are zation problems. Computers chem. Engng 16, 937-947 
that the robustness of the NLP sub-problems is (1992). 
greatly increased while solution times are decreased. Raman R. and I. E. Grossmann, Symbolic integration of 

logic in mixed integer linear programming techniques for 
Future work will include the handling of complex process synthesis. Computers chem. Engng 17,909-927 
discontinuous cost functions and process equations. (1993). 
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Specifications on the flows: Specifications: 
Xlo-O'8xlT<~O YI v_ Y2 

Xjo - 0.4xl7 >1 0 Y4 v_ Y5 

X12-- 5Xl4 ~ 0 Y6 v YT. 
x~2 - 2x14 ~ 0 Variables: 

Ie Y1 O1 F 1Y, -] xr q >~O' Yi= {True' False} 
Unit l :  x p ( x 3 ) - l - x 2 =  V [x2=x3=0[ i=1,2 . . . . .  8; /'=1,2 . . . . .  25. 

L c1=5 J L c,=0 J 
APPENDIX B 

Unit 2: xp(xfll.2)- 1-x4 = V /x4=xs=0 [ MILP Transformation of Disjunctive Master Problem 
The master problem (MgA) of problem (P) for process 

L c2= 8 L c2 = 0 ] flowsheet synthesis problems is given by the disjunctive 
LP: 

Unit 3: .5xg-x8+xlo = minZL=aoa+ E q 

L c3=6 _I 
s.t. 

Ix ,x, -1 V 8 = x9 = X,o = 01 Oloa >~f(xt) + Vf(xt)r(x - x') 
c3 =0 .J g(xl)+Vg(xl)r(x_xl)<~O j l = l  . . . . .  L 

I1 Y4 01 ~ nY4 0 ] l )  h,(xl)+Vhi(xl)T(x--xl) < ~ O I E K Y '  ~ F -1Y' ] i E D V  ,B'x=0 / Unit 4: .5(x12+x14)-xt3 = V xt2=x13=xt4 = 
L c,=10 ] L c4 =0 ci=x, J k c , = ° J  

(M~A) 

Ix Y 5 0 ]  Ix ~Y~ ~ g2(Y)=True 
Unit 5: 15 -- 2X16 = V 15=X16=0[ 

L q = 6  J c5=0 ] xeR"'c>~O'Y~{True'False}'" 
The first two constraints are linear. The continuous 

Ie Y6 01 r 1 Y6 ] variables, x, are partiti°ned int° tw° sets such that: 

Unit 6: xp(x2o/1.5)-l-x19 = V ] Xlg=X20=0[ X=X~UX,;:,X={xz},X,z={Xn~} 

L C6=7 L c6 =0 ._J wherex~=xjwhenbr=er, and (B1) 

[e Y7 01 F n Y T  ] x~=x, whenbr=OT. 
Unit 7: xp(x2z) - 1 - xel = V Ix21 = x22 = 01 The disjunction then becomes: 

L C7=4 L C7=0 J 

Unit 8: xp(xla)- l-xlo-X17=0 ci=yi 
L cs = 5 J ~r~- 1 

x z = 0 ]  (B2) Xnz=O[ " V Ix,o=x.=x~=l" 
L c8 = o c, = o J 

The above expression means that a linear constraint 
Propositional logic [f2 = (Y3]: applies if Y, is true. The subset of continuous variables in 

Y1 => 113 V Y4 V Y5 X~ (e.g. fows, sizes) are equal to zero if Yi is false. 
The disjunction (B2) can be converted into mixed 

Y2~ Y3 V Y4 V Y5 integer from using the inequalities in (4). However, aside 
Y3~Y~ VY2 from the fact that the determination of tight values of x" 

for each constraint is not an easy task, these constraints are 
Y a ~ Y  8 well known to yield poor relaxations. Another form of 

converting the disjunctions into mixed-integer constraints 
Y4~Y~ V Y2 that yield tighter relaxations is by using the procedure 
Y4~ Y6 V Y7 given in Balas (1985) (see also Raman and Grossmann, 

1993) that involves obtaining the convex-hull represen- 
Ys~ Y1 V Y2 tation. Replacing the Boolean variables Y~ by the corres- 
Ys~Ys ponding binary variable y~, and by disaggregating the 

continuous variables x and c, the convex hull of the 
Y6~ Y4 disjunction (B2) is given by, 

)"7 :z ) Y4 Vx~h,(x~)rx~ + V,,.,h~(x~)rx~z <~ [-hi( xt ) + Vh~(xt)rxt]Y~ 

Ys~ Y3 V Y5 V(~ Y~ A-~ Ys)- c) = yiy~ 
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F~.~.k The convex-hull representation for the disjunction can be 
derived by disaggregating the variables F,,, F~ and intro- 
ducing binary variables Y1 as follows: 

n 

F,..~.,k F,.= 2 F{. 

n 

F, = Z F{ (C2) 

i = 1  

F.. f..k Fi. - F~ = 0y i 

F{ = 0yj Vi #:j (C3) 
Fig. C1. A single choice splitter. F ~  < U 

2 _ _  2 n 

xz - 0y, Z Y~ = 1. 
2 ~ 2 x.z ~ 0y, i: t 

2 c, =Oy7 (B3) Substituting (C3) into (C2) yields the following for (C1): 

c, = d + d 

xz=x~ + x2: F"= Zf'"'kk 

1 2 
Xnz  = X n z  + X n  z 

y ] + y ~ = l .  F '= Z f:'k 
k 

It is clear from (B3) that x~ and c~ are equal to zero and 
only one of the terms in disjunction (B2) applies, which is f,,,.k = Z fj.k 
y~. Hence, the convex-hull representation of the linear j 
disjunction (B2) with the introduction of the binary vari- 
able Yi can be reduced to: F,, = Z ~ (C4) 

V, hi(x~)rx~ t r i ~< i + Vx°hi(x.z ) x.z ~ [-hi(x ) + Vhi)xl)rxtly i (B4) j 

ci = ~'iYi. F~ <~ Uy) 

For the sake of simplicity in the presentation of (/VI~A), it 
will be assumed that there are no non-zero variables (i.e. Z YJ= l 
X.~ = ~).  Therefore. equation (B4) becomes: j=l 

7h~(xt)rx~[-hi(xt)+Vhi(xl)rxl]y, which corresponds precisely to the single choice splitter 
c,= y~y,. (B5) equations by Kocis and Grossmann (1989). 

APPENDIX D 

APPENDIX C 
Modified Set-covering Algorithm for CNF Propositional 

Treatment of  Single Choice lnterconnection Units Logic When the topology of the flowsheet is described in CNF, 
The treatment of disjunctions involving more than two an iterative set covering problem has to be formulated in 

terms within the disjunctive modeling framework for the order to identify the sub-problems in f2 c that are to be 
convex-huU representation is illustrated with a single optimized, 
choice stream splitter. The treatment of other single choice 
interconnection units is similar and the procedure des- [ 1 
cribed in Balas (1985) can be applied to them as well. g2c = ~ • V Y, V ~ Y,~ (D1) 

The system of equations for the single choice splitter is 
as follows: where S is the number of propositional logic relationships 

between the unit of the flowsheet, and 1~ and 1'~ are the 
F , = Z f ~ , . k  corresponding subsets of non-negated and negated 

Boolean variables (1~ O I~ =/) .  The following procedure is k 
based on the idea of successively finding feasible flowsheet 
structures that maximize the occurrence of new units, and 

= Z f:,k ]'= 1 . . . . .  n gives the minimum number of subproblems to be solved to 
k cover all the units in a given superstructure: 

f,..k=Zfj, k Step 1: Convert g2 c into a set of linear inequalities: 
Ayi>~a 

i Step 2: Set k = 1, CB k = ~.~, CN k = I, (1~ U 1~ = I). 

I Yj 1 (C1) Step 3: (a) Determine the weights of the binary v a r i - a b l e s  as follows:ill = l f o r i e C B  k 
V F , . = F j  

i=, ...... / Fi=O Vi#=J I 
- <LF~U J f l i= lCBk l+l for i eCNk .  
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(b) Solve problem (D2) to determine the solu- The pseudo IP master problem for the GBD is given as 
tion y~ corresponding to an NLP sub-problem: follows: 

max Z = 2 fl,Yi min Z~B D = cTy + tl 
i s.t. 

s t  ¢(x ~) + ~ ]  g lw,(x  ~) + b,~y] - ~ ~< 0 ~ ~ K¢ 
Ay, >~ a (D2) ~ 

~ y k , - - ~ y k , ~ ] C B k ] - - l ( r < k )  ~r~lG(xk)+bry]<~O k ~ Kinf (MB) 
teBr i~Nr jeJ 

y,=0,1.  AY <~a 

(c) Define B~={i such that y ,= 1}, N*={i such ct~R~,x6X, ye{O, 1}". 

that y,= 0}. Assume that MOA is solved by one Benders iteration. By 
(d) Set CB ~* 1 = CB* Iq B*, CN k+~ = CN ~ B ~. fixing the binary variables, y, to yK where K =  IG~,I, the 
(e) If CN~+~=~, set K=k,  go to Step 4. following LP is obtained: 
Otherwise set k = k + 1, return to Step 3(a). 

Step 4: The NF sub-problems are defined by the follow- min Z~)A = cry K + a 
ing combinations of Boolean variables: 

s.t.  

Y,* = True if y, ~= 1, cp(x~)+V(p(x~)r(x_x~)_a<~ 0 ) 

Y~,=Falseify~=Ok=l . . . . .  K. (D3) q),(x~)+V~p~(xk)r(x_xk)+bryr<~O j e j ~  keKi t~ (LMB)  

aeR~ , xeX .  

A P P E N D I X  E When (LMB) is feasible, its Kubn-Tucker  conditions are 
as follows: 

Proof of the Theorem K 

T h e o r e m  1. Given is the following MINLP problem 1 -  E / x k = 0  
(MIP): ,= i 

r K (E2) 
min Z :  e'y + ~(x) ~ ~,kV~(x k) + ~ ~ ~,~VV,,(x k ) :  0 
s.t. k=l k=l ] 

~pj(X) + bry <~ 0 j C J (MIP) where ~,  and 2~ are non-negative multipliers. Since at least 
one of the a constraints are active at the optimal solution 

AY <~a and: 

x e X ,  ye{O, 1}" q~(XK)+VCp(XK)r(X--XK)--a=O, (E3) 

in which the functions ~0(x) and ~pj(x) are convex and we can choose /z r=  1 a n d / x , = 0  for k ~ K .  Also at yr ,  the 
differentiable. Kuhn-Tucker  conditions of (MIP) are the following: 

Solving the MILP master problem of the outer- 
approximation method by one Benders iteration yields a Vcp(xr) + 2 "~Vq'J (xK) =0  (E4) 
solution that is equivalent to the solution of the master 
problem of generalized Benders decomposition. J 

Hence, we can set in (E2) ~.~ =,(~ and 2k=0  for k ~ K .  
Proof. For a given set of linearizations K,t~, the MILP The Benders cut from the LP in (LMB) is given by: 

master problem of the outer approximation (MOA) for 
MINLP problem (MIP) is given as follows: L r = a +/~k[q~(x g) + Vq~(xr)r(x - x  r) - a] 

min Z = cTy + a + Z 2~[~Pi(xX) + V~Pi (xK) r(x - XK) + bfy]. (E5) 
S.t. i~1 

O(xk)+Vcpj(x~)r(x-xk)-a<~O ~ Since/lK= 1, and from (E4): 
¢,(xk)+ V¢j(xk)r(x--xk)+bfy<~O j e J J  keKi,¢, (MOA) 

L~ = ~o(xr) + Z 2~[~P;(xr) + bfy] (E6) 
Ay<~a i~J 

a e R l , x e X ,  yE{O, 1}" which is identical to a cut in GBD for feasible sub- 

where x k is the solution of feasible NLP sub-problems Kt, problems in the master (MB). 
The cut for infeasible sub-problems follows a very simi- 

or else the solution of the feasibility problem: lar reasoning with the only difference being that (LMB) is 
min Z =  u solved as a feasibility problem in order to generate the 

multipliers ~r~*. 
S.t. 

Vj(x) + bry k <~ u (E 1) A P P E N D I X  F 

x E X  
Proof on Lower Bounds of Logic-based Benders 

for infeasible NLP sub-problems, Kmv Decomposition vs GBD 
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Assume that at the optimal solution exactly one of the 
1.718 a-constraints is active for k = K: 

I ~ ' - x - -  10y,) ) ~ ' / n ( 1 - x ) = l  ep(XK)+ •O(xK)T(x--xK)--a=O. (F4) 

~ 3 6 7 X - ~ . 6  We can then choose ,UK = 1 and Pk = 0 for k ~ K. Also at yr, 
x i i the Kuhn-Tucker conditions of (MIP) are the following: 

32y V~(x K) + ~ ,(,kVW~(XK) = 0. (F5) 

Therefore, we can set 2 ~ = ~  and ~,~ =0 for k ~ K  in (F2). 
0 The Benders cut from the LP in (F1) for yK is then given 

0 y by: 

Fig. F1. Plot of the constraints for Example 4. L K = a + ktr[Cry + dp(x r) + V c~(xr)r(x --x K) -- a] 

Lemma. Given K sub-problems of problem (MIP) for + E  2~[~Pi(xg) + V~pj(xK)r(X--xr)] (F6) 
fixed yk, k --- 1 . . . . .  K: /~J~ 

min Z = cry + ~(x) + ~ ni[xi- M~y~]. 

S . t .  

~i(x) ~< 0 (MIP) Since pK = 1, ~)(xK), and from (F5): 

x << My Lr = crY + q)(xK) + E ztilxi -- M'Yi]" (F7) 
xeR",y~{O, 1} m i 

where ~0(x) and ~pj(x) are convex and x has upper bound The Benders' cut in (F7) is identical to the cut generated by 
M. The Benders cut obtained from the linearizations of the GBD for y = y~ in problem (MIP). [] 
active constraints is equivalent to the cut obtained from 
GBD. Theorem 2. The master problem of the logic-based 

generalized Benders decomposition (MB k) yields tighter 
Proof of Lemma. Consider K sub-problems in (MIP) for lower bounds than the master problem of GBD applied to 

which linearization of the active constraints are deter- problem (MIP). 
mined. For yk, define the set, fla (jk ~_j), containing the 

Proof. Problem (MIP) can be formulated as the follow- active constraints such that JkA = {jl~pj=0} in sub-problem 
k. Then, the linearization of (MIP) is given by: ing disjunctive problem: 

min Z = a rain Z = E 7~ + qffx) 

s . t .  i 

cVy+q)(Xk)+V~(xk)r(x--xk)--a<~O k = l , .  ,K  s.t. 

x <~ My ci = 7i ci = 0 

acR~,x~R",ya{O, 1}'". (F1) x~X ,  Y,~{True, False}'. 

The MILP master problem of (DP) (see Appendix B) is 
For y =yk, the Lagrangian for the problem in (F1) is given given by: 
by; 

min 2, = a 
K 

L = a + E l~[crY + q~(xk) + V¢(x':)r(x - x ' )  - a] s.t. 

k=l cry+gp(x k)+Vcp(xk)r(x-xk)-a<~O k = l  . . . . .  K (F8) 
g 

+ ~  ~ 2~[Wj(Xk)+VWAxk)r(X--Xk)] (F2) Vq~J(xk)rx<~[-qJ~(x~)+Vq',(x~)rx~]Y, J~J~, 

k=~i~ k= 1 . . . . .  K , i~D  

+ E  ~ri[x_miYi] a e R  1, xeR",  ye{0,1}' .  

for y =yr, the Lagrangian for the problem in (F8) is given 

where Pk, 2~ and ar~ are non-negative multipliers, by: 
The Kuhn-Tucker conditions for problem (F1) at fixed K 

y~ are: £ = a + E / ~  [cry + ep (x ~ ) + V go (x k ) r(x - x  ~) - a] 
k = l  

K 

1 - E P ~ = O  r 
~=~ + E  E 2k[V~PJ (xk)rx (F9) 

k = l  jel~ r K (F3) 
E Iz~r~O(xk) + E E )';V~/(xk) + E :r, = O. -[--~O,(x ~) + V~p~(xk)rxk]y,]. 
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The Kuhn-Tucker  conditions for the problem are: 
g s.t. 

1 - E / t k  = 0 aGB D ~> 3y -- 3.436564 (FI4) 
k = l  

r r (F10) aGBD ~> -- 17y 

2/~kVq~(xk) + E  E 2;Vq~i(xk) =0" aGBDeR',y=O, 1. 
k - I  k - I  ]eJ i 

The second master problem finds the optimal solution with 
The Benders cut for problem (F8) is determined by using Z L= -0.436564 and the binary variable equal to one. 
the same idea in the proof of lemma: There are two integer points for this problem, and GBD 

had to visit both of them before confrming the optimal 
£r  = cry + q~(x r) + E 2~[V~j(xr)rxr solution. 

j~j~ The problem in (F12) can be modeled in disjunctive 
form as follows: - [ - q , j ( x  r) + V~pj(xr)rxr]y,]. (F11) 

To establish a relationship between the cut generated by min Z = c - 2 x  
the logic-based Benders, L r in (F l l )  and the cut generated 
from GBD L r in (FT), we have that £ r  = ~(y)  and L r = s.t 

Z(y).  From (F1) and (F8), it follows that for sufficiently I Y l l l x ~ ' O 1  (FI5) 
large value of Mi, Z(y)<~,~(y). Hence, Lr<~I~ r. l n ( l + x )  ~< V = 
Therefore, logic-based Benders produces tighter lower 
bounds than GBD. [] [_ c = 3 _] L c = 0]  

The above theorem can be illustrated with the following 
example, c, x/> 0, Y = True, False. 

E x a m p l e  4. The logic-based Benders algorithm starts with the same 
Consider the problem given in the algebraic modeling initial NLP sub-problem as in GBD obtained by fixing the 

framework as: Boolean variable to True. The solution to the first NLP 
sub-problem has an objective function value Z U= - 

m i n Z = 3 y - 2 x  0.436564 and the continuous variable x=1.718282. 
s.t. Linearizing the nonlinear constraint as in (F8) yields: 

In(1 +x)  ~ 1 (F12) min Z = aoA 

x ~< 10y s.t. 

x>~0, y =0 ,  1. aOa/> 3y -- 2X 

When the binary variable, y, is fixed to 1, the NLP 
sub-problem has an optimal objective function of Z o =  0.367879x~<0.632121y (F16) 
- 0.436564 and the continuous variable is x = 1.718282. aOA • RI, x >1 O, y = O, 1. 
Since the upper bound constraint is not active at the 
optimal solution its Lagrange multiplier, 2, is zero; the Solving the LP in (F16) for y =  1 yields the following 
Lagrange multiplier for the nonlinear constraint is 2 =  Benders master problem: 
5.437. The only term in the GBD cut is the objective 
function, and the following IP master problem is formu- min Z L= ax.e 
lated: 

min Z L = aOBD s.t. 

s.t. aLn >1 -- 0.436839y + 0.000275 (F17) 

aGBI~ ~ 3y - 3.436564 (F13) aLB • R' ,  y = 0, 1 

a6ao•Rl ,y=O,  1. which has an optimal solution at y = l  with Z e = -  
The master problem predicts a lower bound of Z L= - 0.436564, and hence convergence is achieved in one ite- 

ration. The geometrical interpretation is shown in Fig. F1. 
3.436564 with binary variable equal to 0. The optimal Note that the upper bound constraint x~< 10y yields a very 
solution of the second NLP sub-problem has an upper 
bound of Z u = 0 . 0  with x = 0 .  In this sub-problem, the loose representation of the feasible region. In contrast, 
upper bound constraint is active with 2 = 2 .  The second IP (F16) involves the tighter constraint 0.367879x~< 

0.632121y, which in addition is active at y = 1. Thus, the 
master problem is formulated as follows: logic-based Benders method can predict a stronger lower 

m i n  Z L = aGB o bound requiring only one iteration. 


