Pan American Advanced Studies Institute
Program on Process Systems Engineering
Nonlinear Programming and Dynamic Optimization
Exam Questions

1. Consider the NLP:
Min (x2)°
s.t. X —x+1<0
x;—x2+1=<0

a) Write the KKT conditions for this problem and solve them.

KKT Conditions
u, —u, =0
2x, —u, —u, =0
u, 20,u, 20
X, —x, +1<0 -x,—x,+1<0
u,(x,—x,+)=0  u,(—x,—x, +1)=0

Adding the two constraints leads to x; >1 and from first two equations we know that
u;+uy>0 and u; = uy. This means that both inequality constraints are active and we can
solve for x; =0, x; = 1, u;=u,=1.

b) Identify the basic and nonbasic variables. How many superbasic variables are
there? Are the sufficient second order KKT conditions satisfied?

If we added slack variables to the inequality constraints, these would be set to zero and
they would be classified as nonbasic variables. Since x; and x, are solved by the equality
constraints, they are basic variables. There are no superbasic variables, hence no
constrained directions for the second order conditions. As a result, the sufficient second
order conditions are vacuously satisfied.

c) Solve this problem with a barrier method. Quantitatively describe the trajectory of
x(u)and f(x(u)) as u 2 0.

The barrier problem can be written as:



Min x,” — u(In(x, — x, = 1)+ In(x, + x, —1))
Differentiating leads to the following equations :

R [ 2px,
X, —x, -1 x,+x, -1 (x,+x —-D)(x,—x, -1)

=0=x, =0

- H L H o 2H (o (withx, =0)
X, —x, -1 x,+x -1 (x, =1

Solving these equations gives
X, =X, —pu=0=x, =1/2(+(1+4u)"?)
F)=x," =1/20+2u+(1+41)"?)

2. Using the coordinate basis, apply range and null space decomposition and solve for
the linear system:

i ala= Y] =y 5] 4=l wrel) et

Solution:

-C'N -2 1
Z:{ ; }:L},Y:M,ATY=1,ZTWZ=3,ZTWY:—2,YTWY=1

A'Yd, =—c=d, =2
Z'wyd, +Z'Wzd, =-Z"Vf =4+3d,=2=d, =-2/3
Y'WYd, +Y'WZd, +Y " AA=-Y'Vf=-2+4/3+A=-1=>1=-1/3

~2/3
d=2d,+Yd, =|

3. Consider the reactor optimal control problem below. Assume that temperature is a
function of time.

Max c5(1.0)
st dedt=-ky(T) cf) ci(0) =1
deo/dt = ki(T) i’ - kx(T) 3, ¢2(0) = 1
where k; = 4000 exp(-2500/T), k, = 62000 exp(-5000/T) and 298 < T(t) < 398.

a) Write the optimality conditions for this optimal control problem.



Define H=-1k,(T)¢,” + 1,(k,(T)¢c,” -k,(T)c,)
dA dA
7; =2k,c,(A4 —A,), A4, (1)=0 dtz =kyA,, A,(1)=-1
(y = A )k\(T) ¢,°(2500/T? ) - Ayko(T) ¢,(5000/T ) =t —cx,
298<T <398, a (I-298)=0, a,(T-398)=0, a_ >0, o, >0
de,/dt = -k(T) ¢, ¢,(0) = 1

dey/dt = ky(T) 012 -ky(T) ¢y, €,(0) =1

b) Formulate this problem as an NLP using orthogonal collocation on finite
elements. Choose two collocation points and 10 elements. Do not solve.

Max c,,

2

Yl (@) = hk(T) e’

-’j‘) i=1,.10:k=1,.2,h=0.1
ZCZ,y“Kj(Tk) = h(k(T,) cl,ik2 -ky(Ty) cn)

j=0

2 2
Dl D=cino D0yl = cmo}i =1..9
Jj=0 j=0

2 2
ch,mﬂj D =c, Zcz,lo_/gf(l) =Cy
Jj=0 j=0

o =1, ¢y =1, 7,=0,7,=02113,7, =0.7887.



Part 1. Exam. Mixed-Integer Optimization

1. The logic condition y; =y, —); V=, can be represented with the constraints

1 =0,y,=0,0=0,1, 0<y,, »,<1.Is this a better, equal or worse model than using the
following linear inequalities that are derived from CNF form,
NSy, i+ <l y,y, =017

Assume the continuous relaxation of the CNF constraints, and that they are both active.
That means, y;=y,, n+y,=1, =y =y, =05

This in turn implies that this point y; =y, = 0.5 is infeasible for the relaxed logic
condition y; =0, y, =8, 0<y,,y,, & <1. This implies that the CNF constraints cannot be
better than the original logic constraint.

To see how the feasible region of the relaxed logic constraint is included in the feasible
region of the relaxation of the CNF constraints, plot the constraints in ), }, space.

11=0,y,=0,0<y,y,, 6 <1 NEYy, 1 <L 0< y,y, <1

Y2

v



2. Formulate mixed-integer linear constraints for the following disjunction, using both big-
M and convex-hull formulations:
Either 0 < x <10 or 20 <x <30

Solution:
a) Big-M

0< x <10+ M(1-yy)
-M(1-y2) +20 <x <30
yity:=1

y1,y2=0,1

Note: Min value M = 20
b) Convex hull:

x=ul +u2
0 <ul <10y,
20y, <u2 <30y,

yity=1
yi,y2=0,1



3. Consider the mixed- integer linear programming problem

min Z = alx + bTy
s.t. Ax+By<d
x>0,y {01}

Assume it is desired to solve this problem by Benders decomposition where the 0-1
variables are treated as "complicating" variables for the master problem. If the LP

subproblems for fixed yk, k=1, 2, . . . K are feasible with an optimal solution xK and

multipliers Ak, show that the master problem can be formulated as follows:

Zf —mina
st a>b"y+ A [By—d] k=1,2..K
aeR', ye{0,1}

Solution:

General form of Benders decomposition:
min o

1
st a>c" y+ F(x)+ () [g(x*)+By] )
For MILP problem, (1) leads to:
min
(2)

st a=b"y+a"x* + (A1) [Ax" + By —d]
From KKT conditions for fixed y, defining Lagrangean,
L=b"y+a"x+ (1) [4x + By—d]

It follows that applying stationary conditions,

a+A" =0 =>a" + (1) 4=0 = [a" + (1) 4]x" =0

Hence, (2) reduces to,
Zf =mina
st a>b"y+ A [By—d] k=1,2..K
aeR', ye{0,1}



GLOBAL OPTIMIZATION EXAM SOLUTIONS FOR PASI
COURSE

Nick Sahinidis, nikos@uiuc.edu

Question 1. Find the generating sets for the convex and concave envelopes of the
function f =(x,x, +x.x,)/y over {0<x/ <x, <x/ fori=1,..3,0<y" <y<y’}.

Solution

We will construct the generating set for the convex envelope. The construction of the
generating set for the concave envelope follows similarly. Consider all variables fixed at
some point between their bounds, except for variable x, . Then f'is linear, and therefore

concave, in x,. Hence, the interior of [x;,x; ] is irrelevant for the construction of the
convex envelope of /. Now consider all x variables fixed at some combination of their
bounds. Because f'is then convex in y, the entire [y*, "] is needed to characterize the

convex envelope of /. We conclude that the generating set of the convex envelope of f'is:
G;’.pl = {(x,y) | x; € {xiL,in},i =1,...,3; ye [yL,yU]}.

Question 2. Find the generating sets for the convex and concave envelopes of the
functiong = x/y +3x +4xy +2xy” over {0<x* <x<x¥,0<y" <y<yY}

Solution

We will construct the generating set for the convex envelope. The construction of the
generating set for the concave envelope follows with similar arguments. Let y be fixed

in [y*,yY]. Then g is linear, and therefore concave, in x. Hence, the interior of
[x",xY] is irrelevant for the construction of the convex envelope of g. Now consider x
fixed at one of its bounds. Because g is then convex in y, the entire [y*, y”] is needed

to characterize the convex envelope of g. We conclude that the generating set of the
convex envelope of g is G = {(x, Y) | xe{xtxY}, ye [yL,yU]}.

Question 3. Consider the following pooling problem (Haverly, 1978):
min —9)(?5 — 15X9+6X1+ 16X2 +10X6

S.t. X|tXp) =X3+Xy4
X3+ X7= X5
X4 +Xg = X9
X7 +Xg = Xg

X10X3 + 2)67 < Z.SXS
X10X4 +2x8 SI.SX9
3X1 + Xy = xlo(X3 + X4)



(0,0,0,0,0,0,0,0,0,1) < x <(300,300,100,200,100,300,100,200,200,3)

(a) Solve this pooling problem by branch-and-bound manually:

e Disaggregate products and use the convex and concave envelopes of the bilinear
terms to construct a relaxation.

e You may use GAMS/MINOS or GAMS/CPLEX or any other LP code to solve
the relaxed problems.

e Use the best-bound node selection rule to select nodes.

e Use bisection of longest edge for branching but branch on the incumbent when
possible.

¢ You may use GAMS/MINOS or your favorite local search every three branch-
and-bound iterations using the corresponding relaxation point as the starting
point.

e Terminate the search as soon as your lower and upper bounds are within 0.001.

(b) Solve the same model (after product disaggregation) with GAMS/BARON in two
different ways:

1 Using default BARON settings.

2 Using BARON settings to apply the above algorithm (best-bound node selection,
bisection of longest edge, branching on incumbent, local search every three
branch-and-bound iterations, termination within an absolute gap of 0.001). Hint:
If BARON outperforms your algorithm, it is because you need to change some
of its default options.

Solution

(@) A GAMS file to solve the relaxations for part (a) is provided below. Using this
relaxation, we obtain:

1 The root node lower bound is -500.

2 Local search at the root node gives -400 at point (0, 100, 0, 100, 0, 100, 0, 100,
200, 1).

3 Amongst the three nonconvex variables (x;,x,, and x,,), the longest edge rule
selects x,. Its range [0, 200] will be bisected to create two corresponding nodes.
(Branching on the incumbent also branches at x,=100.)

4 Both existing nodes have the same lower bound (-500). Arbitrarily, select the left
child to solve. Its relaxation has an objective function value of -400. Thus, this
node is fathomed.

5 The single remaining node is solved. Its relaxation also has an objective function

value of -400. Thus, this node can also be eliminated.
6 The run terminates with a proof of global optimality of the incumbent.

variables x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, intro_varl, intro_var2, reloby;

*intro_varl =x10 * x3
* intro_var2 =x10 * x4



x1.lo=0;

x2.10 =0;
x3.10=0;
x4.10 = 0;
x5.10 =0;
x6.10 = 0;
x7.1o0=0;
x8.10 =0;
x9.10 = 0;
x10.lo=1;
x1l.up = 100;
x2.up = 150;
x3.up = 100;
x4.up = 200;
x5.up = 100;
x6.up = 250;
x7.up = 100;
x8.up = 150;
x9.up = 200;
x10.up = 3;

intro_varl.lo = x3.l0*x10.lo;
intro_varl.up = x3.up*x10.up;

intro_var2.lo = x4.10*x10.1o;
intro_var2.up = x4.up*x10.up;

equations obj, el, €2, €3, e4, €5, e6, €7, €8, €9, ¢10, el 1, el12, e13, el4, el5;
obj .. relobj =e= 6*x1 + 16*x2 - 9*x5 + 10*x6 - 15*x9 ;

*linear problem constraints
el .. x1+x2 =e= x3+x4;

e2 .. x3+x7 =e=x5;

e3 .. x4+x8 =e=x9;

e4 .. x7+x8 =e=x6;

*linearized problem constraints

e5 .. intro_varl + 2*x7 =]=2.5*%x5 ;

€6 .. intro_var2 + 2*x8 =l=1.5*x9 ;

e7 .. 3*x1+x2 =e=intro_varl + intro_var2 ;

*envelopes for x3*x10
e8 .. intro_varl =g=x10.10*x3 + x3.l0*x10 - x3.lo*x10.1o ;



€9 .. intro_varl =g=x10.up*x3 + x3.up*x10 - x3.up*x10.up ;
el0 .. intro_varl =l=x10.lo*x3 + x3.up*x10 - x3.up*x10.1o ;
ell .. intro_varl =l=x10.up*x3 + x3.10*x10 - x3.10*x10.up ;

*envelopes for x4*x10

el2 .. intro_var2 =g=x10.10*x4 + x4.10*x10 - x4.10*x10.10 ;
el3 .. intro_var2 =g= x10.up*x4 + x4.up*x10 - x4.up*x10.up ;
el4 .. intro_var2 =l=x10.lo*x4 + x4.up*x10 - x4.up*x10.lo ;
el5 .. intro_var2 =l=x10.up*x4 + x4.10*x10 - x4.10*x10.up ;
model relaxation /all/;

solve relaxation minimizing relobj using Ip;

(b) A GAMS/BARON options file for part (2) is provided below.

positive variables x1, x2, x3, x4, x5, x6, x7, x8, x9, x10;
variable f;

x10.lo=1;

x1.up = 300;
x2.up = 300;
x3.up = 100;
x4.up = 200;
x5.up = 100;
x6.up = 300;
x7.up = 100;
x8.up = 200;
x9.up = 200;
x10.up =3;

equations el, e2, e3, e4, e5, €6, e7, obj;
obj .. f =e=-9*x5-15*x9+6*x1+16*x2+10*x6;

el .. x1+x2 =e= x3+x4;

e2 .. x3+x7 =e= x5;

e3 .. x4+x8 =e= x9;

e4 .. x7+x8 =e= x6;

e5 .. x10*x3+2*x7 =l= 2.5*x5;

e6 .. x10*x4+2*x8 =l= 1.5*x9;

e7 .. 3*x1+x2 =e= x10*x3+x10*x4;

model pool /all/;



solve pool minimizing f using nlp;
A BARON options file is provided below.

brvarstra 2
brptstra 2
numloc 0
dolocal -3
prelpdo 0
tdo 0

mdo 0
Ibttdo 0
obttdo 0
pdo 0
optca le-3
optcr 1e-9
nodesel 1



EXAM: MASS INTEGRATION AND POLLUTION PREVENTION

A pharmaceutical process uses a solvent (tetrahydrofuran THF) in two units: mixer and
purification network as shown in Fig. 1. During solvent mixing with the feedstock, some
amount of the solvent reacts with certain impurities in the feedstock to produce waste
materials that are separated in the purification network. After the purification network,
the mixture is fed to a reactor where the main product is generated. The product is
processed in separation and drying systems leading to a dry powder which is palletized
and sold. The offgases from the reactor and the separator/dryer are currently being flared.
To reduce solvent consumption and improve the environmental performance of the
process, it is desired to recover the solvent from the offgases.

Reactor Drying
Off-gas Oft-gas
Solvent 6 kg THF/s 15 kg THF/s
Solvent 4 kg THF/s
20 kg THF/s l
13:861? Stl(:)/Ck Separation| Y Product
gr/s Purification . to finishing
Mixing g Network > Reaction " & & pelletization
Drying

l

Waste
(cake)

Fig. 1. Pharmaceutical Process
Problem 1. Using segregation, mixing, recycle, and interception, what is the target for
minimum solvent consumption?
Problem 2. If no capital is available for new equipment, what is the target for minimum
solvent consumption when direct recycle strategies (without new equipment) are used?
The relevant problem data are summarized in Tables 1 and 2. Assume that the only
available fresh solvent is pure (100% THF).

Table 1. Sink Data for the Pharmaceutical Example

Sink Flowrate Maximum Inlet
kg/s Mass Fraction
of Impurities
Mixing 20.0 0.01
Purification 4.0 0.03
Network




Table 2. Source Data for the Pharmaceutical Example

Source Flowrate Inlet
kg/s Mass Fraction
of Impurities
Reactor offgas 6.0 0.02
Drying offgas 15.0 0.05

Problem 3. Problem 2 is revised by considering three fresh resources whose contents of
impurities are 0.00, 0.01, and 0.06 (expressed as mass fractions). The costs of the three
fresh resources are 3.0, 1.0, and 0.5 ($/kg solvent). What is the minimum cost of the fresh
solvents when direct recycle strategies are used.



SOLUTION TO EXAM PROBLEMS

Recovery

(1)
20 kg/s > 6 ko/s >
THF Consumption
3 kals
4 kg/s 15 kg/s
—_—
(a) Overall THF Balance Before Mass Integration
21 kg/s
= ———
| 20 kg/s 6 kg/s
> —g_b

Fresh THF |
3 kg/s THF Consumption

> 3 kgls

| 4 kg/s 15 kg/s

I

o e = =




1.00
Load

kg/s 0.87
0.80

0.60

0.40
0.32

0.20

0.12

0.00 b
0.0 5.0 10.0 IES.OOffgﬁ)sO 25.0 300 350 40.0

< __ T4.0 24.0
Minimum
Fresh Flowrate, kg/s
Minimum fresh = 14 kg/s

3. Fresh 3 will not be used since its composition exceeds that of the Drying Offgas
(source prioritization rule). Compare fresh1 with fresh2 and evaluate flowrate* cost.



1.00
Load

kg/s 0.87
0.80

0.60

0.40
0.32

Locus
For FreshR

0.20

0.12

0.00
0.0 50 100 150 200 250 300 35.0 40.0

< »

< T > 240
Minimum
Fresh2 Flowrate, kg/s

Minimum cost for fresh 1 = 14*3 = $42/s
Minimum cost for fresh 2 = 20*1 = $20/s =» Choose fresh 2.




ANSWER-Question 1

\ <« Theoretical Flame
Temperature

Air

Process

Fuel
e Stream

Ambient Temperature

AH



Pinch 1

ANSWER-Question 2

Qa

//\limm'QT_l_QA U2,min 'QA

Pinch 2

Qr

b

1,min

W2,min - QT

This is called Assisted Heat and is
transferred from Plant 1 to Plant 2
when Plant 1 has heat deficit at
high temperature intervals and
heat surplus at lower intervals. In
such case thereis a need to
transfer the surplus to Plant 2 so
that the surplus does not have to
be cascaded down to plant 1
between pinches, allowing thus Q;
to be transferred fully.



ANSWER Question 3a

Maximum energy recovery network.

FCp
300 N LM . a0 015
L L \T/
200 N Y N A0 0.225
o, 1 ﬁj \&)—
1525
l 0.105 \
180, N 3 0.8~ 40 0z
I"*-;-.-;'I 0.095

R
280 DH ,f: ’ 140 ' 03

1625 4.5 125

O




ANSWER Question 3b

Energy Relaxed Network.

300 ) 150 = , &0
N
200 185.5 N (), 4
Y =
155
l 0105 \
180, 180¥, 7 40
—/ onss

L]

1400 17

280 ‘_® 215

195 225

O

FCp
015

0.225

0.2

0.3



Step 1: build the controllability matrix for the first input

o= 3o
Q=] |

Since the 2x2 controllability matrix is invertible (its determinant is equal to 1), its
rank is 2 = n, and it follows that the system is controllable.

Step 2: Specify the desired eigenvalue locations as {—1, -1}
Step 3: Find the coefficients of the desired closed-loop polynomial (A + 1) (A + 1) :
A+D A+ =22+21+1

Step 4: Find the polynomial matrix P(A)
-1 0]|-1 O 10
A2 = -
1 2] 1 2 1 4
) 1 0 -1 0 1 0 0 0
PA)=A“+2A+1= +2 + =
1 4 1 2 0 1 39

Step 5: Apply Ackermann’s Formula

_1_1 1
oo |

4 1 1[0 o] [3 9
ot ew=ly 1] [3 oJ-[5 o)

Ackermann’s formula

kT = FirstRow(Qc_1 P(A)): FirstRow[B zD :[ 3 9 ]



KT k1 k2
Setting K = = yields the desired state feedback matrix

0 0 0
K=
0 0
Design a state feedback control law u(t) = —K X(t) — Ky r(t) that places the closed-
loop eigenvalues at { —1,—1 } for the LTI system given in question 2

Solution to Problem 3. First set the state-feedback matrix as the solution to

problem 2:
309
K=
0 0
Then calculate a right-inverse matrix for B and calculate the matrix A — BK:

10
B R_pl-
0 1

R R R

Hence, the feedforward matrix sought is

R {1 0} {—4 —9} {—4 —9}
K_=B™(A-BK)= =
r o 1]l 1 2 [1 2



Exam Problems for Model Predictive Control
Prepared by Jay H. Lee
Pan American Advanced Studies Institute Program on Process Systems Engineering

1. Suppose the process has three inputs uq, - -- , us and three outputs y1,--- ,ys. y1 and ys has
the setpoints of 0.2 and 0.8 respectively. In addition, these two outputs must be kept below
0.25 and 0.85 and above 0.15 and 0.75, respectively, at all times (soft constraints). If these two
outputs can be controlled at their setpoints, it is then desirable to drive y3 to its maximum
value of 2 (a secondary requirement). All three inputs must operate in the range of +0.5.
Write down a reasonable quadratic objective to use for MPC. Use the prediction horizon of p
and the control horizon of m.

ANSWER:
nk+0-027"T1 0 o0 yr(k+0) — 0.2
g, 2 yo(k + €) —08 01 0 yo(k +€) — 0.8
ulk).r Aulktm— Y3 k‘—i—f) 00 Ysmall y3(k7+€) -2

mt [[Au(k+4) 77 TA 0 07 [ Aug(k+1i)

+ Aug(k +1)
=0 Au?,(k + Z)

0
0
T -
|: €1 :| |: Varge 0 |: €1 :|
+
€2 0 Narge | €2

such that

015—€ <y1(k+¢) <025+ ¢
0.75 —ea < yo(k+¢) <0.85 + €2
0.5 <up(k+i) <05
—0.5 <wug(k+1) <05
—0.5 <wug(k+1i) <05

Note that in the above, ygna < 1.0 and vjqrge > 1.0.
2. Consider the following SISO system.
zi(k+1) _ 0.4 0.1 z1(k) 0
[ zo(k + 1) } - [ 0 0.2 ] [ o) | T 1| M
z1(k)
k) = 10

(a) Calculate the impulse response and step response coefficients. What is the reasonable
truncation point for this system?
ANSWER: Impulse response: H; = CA"'B Step response: S; = Hy + --- + H;
Truncate when CA*~' B becomes negligible.



(b) Write down the step response model that corresponds to the above state space system.
ANSWER: In the notes:

x(k+1) = Myx(k) + Séu(k)
Si

where M is a shift matrix and S = - |. n is the truncation point.

Sn

(c) Write down the prediction equation for the above system with p = 2 and m = 2.
ANSWER: From the notes,

e )= 1+

R per R R RO e

(d) Derive the unconstrained control law for the above system with AY =2 and A* = 0.5.

ANSWER: The unconstrained solution is AU,,(k) = —*H'g(k) where H and g(k)
are as defined in the notes.

- s

(e) How would you derive the unconstrained MPC law for p = oo and m = 2.
ANSWER: Use p=m+n — 1 and add a constraint that y(m +n — 1|k) = 0.

(f) How would the prediction equation change if the state space model is used directly?
ANSWER: From the notes,

[ Y1k ] _ [ EE<I> ] (k) + [ S1 0 ] [ Au(k) } n [ St ] Ad(k) + [ Zm(k) —yo(k)

Yk+2|k

So 1 || Au(k+1) Sd

3. Consider the following FIR system model:

y(k) = hyu(k — 1) + hou(k — 2) + hgu(k — 3) +

L 2)

(a) Derive the expression for the one-step-ahead predictor and the prediction error.
ANSWER: From the notes

yklk—1) = Glapu(k) + (1~ H (@) (k) — Cla)u(k)
= hlu(k — 1) + hQU(k — 2) + hgu(k — 3)
+(y(k —1) — hyu(k — 2) — hou(k — 3) — hau(k — 4))
eBlk—1) = H ' ()y(k) - Glo)u(k))
= (y(k) — hiu(k — 1) — hou(k — 2) — hau(k — 3))
—(y(k — 1) — hyu(k — 2) — hou(k — 3) — hau(k — 4))
(b) Suppose you are given experimentally obtained time series data y(1),---,y(12) and
u(1),--- ,u(12). Derive the formula for obtaining the parameters h1, ha, h3 that minimize

the prediction error for the given data.



ANSWER:

y(4) u@ w2 wn] (1)
y(5) u(@)  u(3) u(2) {h] e(2)
) = . . . 2 | + )
: : " : hs :
y(12) uw(11) w(10) w(9) e(12)

Denoting the above as Y = UH + E, the least squares solution is H*® = (UTU)~'UTY.



Process Control Design. Tom Marlin

Questions
1. The snow-ball effect was discussed during the class.
a. Describe the snow-ball effect in a recycle system.
b. An alternative design is proposed for the CSTR with recycle. It is given in the Figure 1.

Discuss the behavior of this control system to the same disturbance considered in the
class workshop, i.e., a feed impurity that reduces the reaction rate constant by 10%.

Specifically, does the snow-ball effect occur in this design for the specified disturbance?
In your response, describe the qualitative dynamic behavior of key variables, including
whether the final values are greater, less, or equal to their initial values.

to T7 set point
A
)

A_ _ _ _ _ _ _ _

Hot Oll

Figure 1

Notes:

1. The heat of reaction is 0.0.

2. The reaction is A — B with first order kinetics.

3. You may not add or modify controllers, sensors, valves or other process equipment.



You would like to design analyzer controls for the distillation tower in Figure 2. You
decide to retain the pressure and level control; thus, you have a 2x2 control system to
design. The transfer function model for the system is given in the following for the
feedback process and a feed flow rate disturbance.

12.8¢F —18.9¢7 3.8¢7%1

AD) | _1167s+1  21s+1 | Fe)| 1149541 )
XB(s) 6.6e””  —194e™ | F,(s)| |4.9¢7*

109s+1 14.4s+1 13.2s5 +1

Evaluate whether the product purities are controllable in the steady-state.

Evaluate the integrity of all possible 2x2 multiloop control systems. Comment on the
implications for the final design.

For all control systems with acceptable integrity, determine if the interaction is favorable
for

1. A set point change to the distillate controller.
il. The feed flow rate disturbance for which the model is given.

Would you recommend decoupling to improve the closed-loop feed-flow disturbance
response?

Figure 2.



deliveries

The mixing process in Figure 3 involves a tank to mix components A and B. The effluent
from the mixing tank in blended with a stream of component C. The flow of F6 stream is
"wild", i.e. it changes to accommodate operations in another process and cannot be
adjusted by this control strategy. Note that the flow to waste is to be minimized.

Using only the equipment shown in the figure, design a control system to tightly control
the percentages of A, B, and C in the blended product. Can you achieve this and also
control the total flow of blended product?

Improve your result in (a) by adding an on-stream analyzer that can measure all of the
components in one stream. Decide the proper location and use it in the control system.
Discuss why the analyzer would improve the performance.

compoenent A component B

deliveries
\v?iuzﬁ mixing tank
excess to waste

@ "wild" stream with component C
flow varies due to operation
in another process

S

©

blended product

Figure 3.



Process Control Design

PASI 2005
SOLUTIONS
1. The snow-ball effect was discussed during the class.
a. Describe the snow-ball effect in a recycle system.

The snow-ball effect occurs when dynamic behavior of a variable (or variables) is strongly
affected by recycle. Specifically, a variable has a very long time constant, and in the
extreme, becomes unstable, i.e., an integrating variables.

In the class example of the reactor with recycle, the concentration of the reactant entered
with the feed, was consumed in the reaction, and exited with the product in a fixed
percentage of the product flow rate. Any disturbance affects this balance. For example, the
case with a constant reactor temperature and a reduction in the rate constant, the
consumption in the reactor decreased. The overall mass balance of reactant in the system
indicated an accumulation. The fresh feed was constant and the effluent product changed
very little, so that the recycle of unreacted reactant increased. A new steady state was
achieved with the reactant concentration in the reactor much higher, so that the product of
the reactant concentration and the rate constant returns to (approximately) its original
value. However, the recycle flow increased substantially.

Similar behavior can occur with energy recycles as well. In the extreme, a system with
“heat release” do to exothermic reaction can be unstable when recycle heat exchange is
provided.

b. An alternative design is proposed for the CSTR with recycle. It is given in the Figure 1.
Discuss the behavior of this control system to the same disturbance considered in the class
workshop, i.e., a feed impurity that reduces the reaction rate constant by 10%. Specifically, does
the snow-ball effect occur in this design?

The immediate effect of the disturbance is a reduction in the rate of reaction of A to
products. We note that the composition of the product (% unreacted A) is controlled in the
product stream. As a result of the increase in A and decrease in B in the reactor effluent,
the product flow rate decreases and the recycle flow rate increases.

Importantly, we note that the total flow rate to the reactor (F2) is controlled. Therefore,
when the recycle (F6) increases, the F2 controller immediately reduces the flow rate of fresh
feed by partially closing valve v1. The reactor has essentially a constant feed flow rate and
a lower (single-pass) conversion. At the new steady state, the product flow decreases, and
the fresh feed flow decreases.

We note that the snow-ball effect does not occur with this design. The control system
balances the reactant A by adjusting the fresh feed, to maintain the total feed to the reactor.
This design eliminates the snow-ball effect without the expensive Al analyzer.



A plot of the dynamic response with the proposed control design in given below.

58
£
5.6
5.4
& € 30
3
52
H 2
3 s §25
£ g2
46 2
4.4
15
2 . . . . . . . . . 1 . . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time time
%5
94
0 935
ot 7
5 <
5 93 <
2 <
g §
g 2
g 925 ]
2 H
5 %2 g
g g 70/,
3 15 2
o1
90.5
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time time
1 %2
108 a5
10.6
o1
o 104 =
5 102 g %8
g g
= 2 %
g 3
= §
£ 98 2
< il 89.5
£ 96 =
8
9.4
02 885
9 . . . . . . . . . 88 . . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time time
%5 58
94 56
<
" 935 w 54
g 2
2 o3 g 52
g b
3
§ 925 E 5
3 8
8 92/\,— §48
3
€ as S 46
E
o1 44
90.5 4.2
. . . . . . . . . N . . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time time

We note that the variability of most measurement is lower and that the snow-ball effect does not
occur. However, the feed and production rates have decreased, which might be a serious
degradation of performance in some cases. If instantaneous control of production rate is not
required, the rate could be returned slowly to its desired value by adjusting the set point to F2.
However, this will result in the same final operation as the snow-ball effect.



2. You would like to design analyzer controls for the distillation tower in Figure 2. You
decide to retain the pressure and level control; thus, you have a 2x2 control system to
design. The transfer function model for the system is given in the following.

12.8¢™  —18.9¢ 3.8¢7%1
XDG) | _11675+1  21s+1 | FrG)| [ 14.95+1
-7 3 + “aas [XF(8)
XB(s) 6.6e”"” =194 | F(s) 4.9¢7>%
109s+1 14.4s+1 13.2s +1
a. Evaluate whether the product purities are controllable in the steady state.

We determine the controllability of the steady state by evaluating the determinant of the
gain matrix, which must not be zero; i.e., the square gain matrix must be non-singular.

Det (K) = 12.8(-19.4) - 6.6(-18.9) =-127 =0
Therefore, the system is controllable, in the steady-state sense. We note that this result is
for the specific operating point.
b. Evaluate the integrity of all possible 2x2 multiloop control systems. Comment on the
implications for the final design.
To evaluate the integrity, we will look at the integral controllability with integrity. A

necessary condition is that the multiloop design contains pairings on positive relative gain
array elements. The relative gain is evaluated below.

1 1 1
A = = = =2.0
! 1_K12K21 |- (6:60(=18.9)  1-.489
KKy (12.8)(~19.4)
FR FV
XD\\f ~1
XB -t 2\

We observe that only one of the two possible pairings have positive values. We conclude
that only the XD-FR and XB-FV pairings should be considered if integrity is a high

priority.




c. For all control systems with acceptable integrity, determine if the interaction is favorable
for

1. A set point change to the distillate controller.
We know that the RDG = RGA for a single set point change. Here, RDG = RGA =2 >1.
Therefore, we conclude that the interaction is unfavorable. The multiloop IAE for XD will
be at least twice the value obtained with the single-loop control (with XB off).

il. The feed flow rate disturbance for which the model is given.

For this case, we must calculate the RDG for XD.

RDG(1,) = 1- Kde”J

1
1_(K12K2/ ] [ KKy
Ky 1Ky,

~ (49189 |_
RDG yp, _(2.0)[1 —(3_8)(_19_4)} 0.51

_ _(38)(6.6) | _
RDG g = (2.0){1 (4.9)(12_8)} =1.20

We observe that the absolute values for the RDG’s for both controlled variables are close to
1.0. Therefore, we expect that the multiloop control performance will be similar to each
single-loop performance. We conclude that interaction is favorable. We recall that +/-
cancellation is possible, so that this conclusion is not rigorous.



d. Would you recommend decoupling to improve the closed-loop feed-flow disturbance

response?

To answer this question, we refer to the following table.

| (RDG)(F wre)|

Interpretation

Decision

<1 Favorable interaction Do not decouple
& 1 No significant Do not decouple
difference
> 1 Unfavorable interaction Decouple
(Caution regarding
robustness)

We note that the fy,e values are usually between 1.0 and 2.0. Therefore,

For XD, |RDG*fy,e| is about equal to 1.0. Therefore, no decoupling for XD is required.

For XB, |RDG*fyne | could be equal to 2.0. Therefore, decoupling could improve dynamic

performance.




a.

The key insight in the solution is that the production should be on flow control. Then, the level must
“pull” feed into the tank. With this done, the stream to waste can be set to zero.

Also, certain flow ratios must be maintained; these are the FY symbols, and the values for
the ratios must be set by a person. Perfect composition control is not achieved because of
inevitable errors in the flow sensors.

The excess flow to waste is to be minimized; therefore, a design with the waste valve
permanently closed is developed. Since the ratio of flow from the tank to the *wild" flow of
C is to be controlled tightly, the valve leaving the tank is adjusted to achieve the ratio.
Tight control is ensured with a flow controller whose set point is maintained as a constant
multiple of the measured wild flow rate. This decision eliminates the tank flow out from use
in controlling the tank level. The tank level and the ratio of A to (A+B) are to be controlled
by adjusting the flows of A and B. This can be achieved by the strategy shown in Figure a.
The ratios in this design must be entered by a person.

component A component B

B

j a

excess to waste

i closed
o
i @ "wild" stream component C
FIY b r“‘ flow varies due to operation
7 in another process

blended product

Figure 3.a.



3.

b.

If an analyzer can be added, it should be placed in the product where it can measure all
components. The compositions can be used to control the ratios by manipulating the ratio
values. Note that the control of appropriate ratios, C/(A+B+C) and A/(A+B), reduces

interactions between the feedback controllers.

The main advantage for using the analyzers is to improve the feedback measurement for
While controlling the flow ratios could theoretically provide good
performance, flow measurement errors and disturbances in the feed stream compositions
would lead to sustained deviations from the desired product composition. Highly accurate

the compositions.

onstream analysis would improve the composition performance.

component A
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Figure 3.b.




